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Abstract
The approximate symmetries of Quantum ChromoDynamics in the infinite heavy quark (Q = c, b)
mass limit (mQ → ∞) and in the chiral limit for the light quarks (mq → 0, q = u, d, s) can be
used together to build up an effective chiral lagrangian for heavy and light mesons describing strong
interactions among effective meson fields as well as their couplings to electromagnetic and weak
currents, including the relevant symmetry breaking terms. The effective theory includes heavy (Qq¯)
mesons of both negative and positive parity, light pseudoscalars, as well as light vector mesons. We
summarize the estimates for the parameters entering the effective lagrangian and discuss in particular
some phenomenologically important couplings, such as gB∗Bpi . The hyperfine splitting of heavy
mesons is discussed in detail. The effective lagrangian allows for the possibility to describe consistently
weak couplings of heavy (B, D) to light (pi, ρ, K∗, etc.) mesons. The method has however its own
limitations, due to the requirement that the light meson momenta should be small, and we discuss
how such limitations can be circumvented through reasonable ansatz on the form factors. Flavour
conserving (e. g. B∗ → B γ) and flavour changing (e. g. B → K∗ γ) radiative decays provide another
field of applications of effective lagrangians; they are discussed together with their phenomenological
implications. Finally we analyze effective lagrangians describing heavy charmonium- like (Q¯Q) mesons
and their strong and electromagnetic interactions. The role of approximate heavy quark symmetries
for this case and the phenomenological tests of these models are also discussed.
UGVA-DPT 1996/05-928
BARI-TH/96-237
hep-ph/9605342
1
Contents
1 Introduction 4
2 Heavy quark and chiral symmetry 7
2.1 Heavy Quark Effective Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Chiral symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 A chiral lagrangian for heavy mesons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.4 Light vector resonances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.5 The chiral lagrangian for the positive parity states . . . . . . . . . . . . . . . . . . . . . . 16
3 Strong interactions 17
3.1 Theoretical estimates of g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.1.1 Constituent quark models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.1.2 QCD sum rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Chiral corrections to g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Hyperfine splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.4 Strong decays of positive parity states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4 B → D decays and chiral dynamics 28
4.1 Chiral corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 The B → D(∗)πlνl decay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.3 The heavy-to-light effective current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.4 Chiral corrections for fPs/fP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5 Heavy-to-light semileptonic exclusive decays 36
5.1 Form factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.2 B → π semileptonic decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.2.1 The scaling approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.2.2 Effective lagrangian approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.3 B → V semileptonic decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.3.1 Scaling approach to B → V form factors . . . . . . . . . . . . . . . . . . . . . . . . 45
5.3.2 Effective lagrangian approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6 Radiative decays 51
6.1 Flavour conserving radiative decays: D∗ → Dγ . . . . . . . . . . . . . . . . . . . . . . . . 51
6.2 Weak radiative decay: B → ℓνγ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.3 Weak radiative decays: B → V γ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.4 Weak radiative decays: B → Ke+e−, B → K∗e+e− . . . . . . . . . . . . . . . . . . . . . 64
7 Symmetries for heavy quarkonium states 67
7.1 Non-relativistic QCD description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
7.2 Heavy quarkonium effective theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
7.3 Heavy-meson effective theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
7.3.1 Heavy quarkonium states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
7.3.2 Bc meson states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
2
8 Heavy quarkonium decays 71
8.1 Radiative decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
8.2 Hadronic transitions in heavy quarkonia . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
8.2.1 Chiral invariant hadronic transitions . . . . . . . . . . . . . . . . . . . . . . . . . . 74
8.2.2 Chiral breaking hadronic transitions . . . . . . . . . . . . . . . . . . . . . . . . . . 76
8.2.3 Spin breaking hadronic transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
9 Appendix A 79
10 Appendix B 81
11 Appendix C 83
3
1 Introduction
There is a general agreement at the present time that quantum chromodynamics (QCD) is the correct
theory of strong interactions. Although QCD is simple and elegant in its formulation, the derivation of its
physical predictions presents however arduous difficulties because of long distance QCD effects that are
essentially non perturbative. Related to them is, for example, the most prominent expected implication
of QCD, color confinement.
Inevitably, QCD effects enter any calculation of processes involving hadrons, such as electroweak
transitions between hadronic states. Predictions for such transitions and their comparison with data are
essential to complete the program of determining the parameters of the standard electroweak model. The
main source of uncertainty for such predictions is our inability to calculate the relevant non perturbative
QCD effects.
The theoretical progress in the field has gone through various directions, including lattice simulations
and the use of sum rules, but one framework has emerged as basic to advance our understanding, namely
the one employing approximate symmetries, broken explicitly or spontaneously, or both ways.
The empirical pattern of quark masses, that are widely different, is the essential logical guide to the
formulation of the symmetries that have been introduced. Historically, different roads were followed,
some symmetries being already known and investigated even before the notion of quark was established.
The first important development was isotopic spin, vastly used already in the physics of nuclei, suggested
by the approximate equality of proton and neutron mass. In the quark language it is the closeness of
the masses of the up and down quark that induces isotopic spin symmetry. The strange quark being
much heavier, the extension of the SU(2) isospin symmetry to SU(3), to include the strange quark, then
necessarily implied dealing with stronger symmetry breaking effects. Later on it was realized that there
is a typical energy scale of hadronic phenomena, such that it is the relative magnitude of the symmetry
breaking mass parameters, as compared to such a scale, which suggests the degree of accuracy of the
symmetry predictions.
From this point of view the magnitude of the SU(2) breaking was generally expected to be related to
the ratio of the up and down quark mass difference to the hadronic scale (plus the effects of electromag-
netism, which breaks isospin as well). Both masses are now known to be very small in comparison to the
scale, which suggests a larger symmetry, SU(2)× SU(2), the light quark chiral symmetry, exactly valid
in QCD in the limit when both the up and down quark have zero mass.
Spontaneous symmetry breaking takes place and breaks the chiral symmetry into isospin, thus ex-
plaining the better experimental viability of isospin in strong phenomena as compared to chiral symmetry.
Historically, the progress went the other way around, with chiral symmetry proposed before the quark
mass values were roughly known. Basic to this progress was the interpretation of the pion as the Goldstone
boson of the spontaneous symmetry breaking.
One can attempt to treat the strange quark as a massless quark in some first approximation, ready
to deal subsequently with substantial deviations from the symmetry. The approximate chiral symmetry
is then extended to chiral SU(3)× SU(3).
Within such a frame, current algebra provides for a number of useful results. The other useful
approach is a systematical lagrangian expansion, known as chiral perturbation theory. In this approach
the symmetry is used to provide for a catalogue raisonne´ of the terms appearing in the chiral expansion.
In this way one can determine which phenomenological inputs are needed to fix at a given chiral order
the full expansion and decide how to determine them from experiment [1].
At the opposite side with respect to the hadronic scale of QCD, are the heavier quark masses, i.e.
those of the beauty b and charm c quark. In the limit of infinite masses (mc,mb →∞), three phenomena
appear.
The first one consists in the fact that the resulting effective lagrangian exhibits a SU(2) heavy flavour
symmetry; this symmetry applies to quantities that remain finite in the limitmQ →∞ and arises because,
in such extreme limit, the exact value of the heavy quark mass plays no role in its interaction with the
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light sector. For finite quark masses the heavy flavour symmetry is broken, and the breaking can be
relevant especially in the charm sector, since the c quark is substantially lighter than the b quark.
The second phenomenon is a heavy quark velocity superselection rule, which is due to the fact that the
strong interactions of the heavy quark, in the mQ →∞ limit, do not change its velocity vQ that always
remain equal to the heavy meson velocity (only weak and electromagnetic interactions can change vQ). As
a consequence of the velocity superselection rule, the effective lagrangian describing strong interactions of
the heavy quarks should be written as a sum of terms that are diagonal in the velocity dependent heavy
quark field operators.
The last phenomenon appearing in the limit of infinite quark mass is the decoupling of the gluon from
the quark spin; in other words the effective lagrangian is invariant under heavy quark spin transformations
and has, therefore, a further SU(2) spin symmetry. In conclusion, the complete symmetry of the effective
lagrangian is a SU(2Nf) of flavor (Nf is the number of heavy flavours) and spin for each value of the
heavy quark velocity. The resulting effective theory is nowadays known as Heavy Quark Effective Theory
(HQET) (see [2, 3, 4, 5, 6, 7, 8]). In the physical world the symmetry is broken explicitly because of
the finite heavy quark masses. Symmetry breaking terms are expected to be particularly important for
charm quark and they can be systematically added to the lagrangian of HQET and parameterize, order
by order, the deviations from the heavy mass limit.
One of the first and most important applications of the heavy quark symmetries has been the study
of the semileptonic decay of B → D∗lν¯. In the infinite quark mass limit this process is described by one
form factor whose normalization is fixed at the kinematical point where the two heavy quarks have the
same velocity. The velocity of the heavy quark in this limit is, as we have already stressed, the velocity
of the meson.
To illustrate in more detail the usefulness of the heavy quark symmetry one can consider the analogy
between the determination of the Vus, element of the CKM matrix from the semileptonic decay K → πeν¯
and the possible determination of the element Vcb from the semileptonic decay of B into D
∗. For the
K to π decay, a non renormalization theorem says that corrections to the SU(3) normalization of the
form factor at the symmetry point, i.e. zero momentum transfer, vanish at first order in the difference
between the strange quark mass and the nonstrange quark mass. For the heavy transition the symmetry
is the heavy quark symmetry, which is valid for very large quark masses; in this limit some relevant form
factors are renormalized only at second order in the symmetry breaking parameter (the inverse quark
mass) at the relevant (zero velocity) symmetry point [9].
The last example shows the usefulness of the heavy quark symmetry not only to provide us with exact
relations valid in the terra firma of the exact limit, but also as a platform for studying corrections away
from the limit.
In some kinematical regions, which, at the same time, are not very far from the heavy quark limit and
from the chiral limit for the light particles, one can try to use simultaneously both the heavy quark and
the chiral approach in the two distinct sectors and, as we have already discussed, the most economical
way to do this consists in using phenomenological lagrangians. In other words, chiral SU(3) × SU(3)
symmetry can be used together with the spin-flavour heavy quark symmetry of HQET and the velocity
superselection rule to build up an effective lagrangian whose basic fields are heavy and light meson
operators. This approach has been proposed in a number of papers [10, 11, 12, 13, 14, 15, 16, 17, 18, 19]
and the purpose of this report is to review this method and its applications to the interactions among
heavy and light mesons.
The first results we describe are in the field of the strong interactions and concern the properties of
the effective fields describing the heavy mesons as well as their couplings to the pseudoscalar octet of
the Goldstone bosons. We also discuss the introduction in the lagrangian of the light vector resonances
ρ,K∗ etc and the inclusion of positive parity heavy meson states. Applications of these ideas to heavy
baryons containing one or more heavy quarks have been also studied [20, 21, 22, 23, 24], but they will
not be reviewed here because the experimental situation concerning heavy baryons is still poor and there
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are therefore too few constraints on the parameters of the resulting effective theory.
The chiral lagrangian approach has the advantage of allowing for a perturbative theory including
not only tree level contributions, but also loop calculations. Such calculations, at present, can only give
an order of magnitude estimate of the effects, because we do not have yet sufficient experimental data
to fix the arbitrary coefficients in the counterterms of the effective lagrangian. Nevertheless they offer
a clue to the size of the loop effects and can be extremely useful in reconciling data with theoretical
expectations based on tree level calculations. For pedagogical purposes we shall present two explicit and
detailed examples of these calculations; the first one is the evaluation of the loop effects in the hyperfine
M∗B −MB mass splitting. The second example we shall show is given by the chiral loop effects to the
ratio fDs/fD, where fD and fDs are the D and Ds meson leptonic decay constants. Other examples
of computed chiral loop effects are given by the corrections to the strong coupling constants gD∗Dπ, to
semileptonic form factors and to B andD meson radiative and rare decays: they will be also reviewed and,
whenever possible, the results of the lagrangian approach will be compared to other existing theoretical
methods.
The main pitfall of the effective lagrangian approach is the abundance of coupling constants and
parameters appearing in the lagrangian. Even if one works at the lowest order in the light meson
derivatives and in the 1/mQ expansion, one has to fix several couplings from data. A typical example
is the already mentioned D∗Dπ coupling constant, whose experimental determination is still missing.
In absence of experimental inputs, one may rely on theoretical information coming, for example, from
QCD sum rules [25] (for a review of this subject see [26]), or potential models [27] (for a review see
[28]) or, when available, on the results obtained by Lattice QCD (for a review of the D and B meson
phenomenology on the lattice see [29]). An alternative is provided by the use of information coming
not only from strong interactions, but also from weak and electromagnetic interactions among mesons.
Actually the application of the chiral lagrangian to these processes offers the possibility not only to exploit
experimental data to constrain the effective lagrangian, but also to relate different processes using the
symmetries. This is the second main issue to be discussed in the present report. We shall see that two
methods can be used to perform the task: the first one uses the chiral and heavy flavour symmetries to
relate different weak and electromagnetic transitions by establishing scaling relations among them. The
second method makes use of the chiral lagrangian to compute the different amplitudes. In both cases,
however, some additional hypothesis on the q2-behaviour of the form factors must be made and we shall
discuss the different scenarios as well as their comparison with the data.
The third and final topic discussed in this paper is the application of the ideas of HQET to mesons
made up by two heavy quarks (heavy quarkonium). The effective quark theory resulting from the mQ →
∞ limit satisfies, as in the previous case, the velocity superselection rule and the spin symmetry, but not
the heavy flavour symmetry. As a matter of fact, the non relativistic kinetic energy term of the effective
QCD lagrangian, which is flavour dependent, cannot be neglected since it acts as an infrared regulator.
Therefore the chiral effective lagrangian for light mesons and heavy quarkonium-like mesons does not
possess the SU(2) heavy flavour symmetry; nevertheless, because of the spin and chiral symmetries, it
allows for a number of relations among different strong and electromagnetic decay amplitudes of heavy
quarkonia states: they will be discussed and compared with the data whenever they are available.
In our opinion the chiral lagrangian approach to the interactions of the heavy mesons is a predictive
method to relate a large amount of processes and decay rates of these states. We hope to convince the
reader by this work that the chiral lagrangian method for heavy hadrons is a promising way to describe
this most fascinating physics.
We conclude this introduction with a brief summary of the subsequent sections. In section 2 we review
the symmetries of the approach, we construct the effective chiral lagrangian for heavy mesons and we
discuss the inclusion in the effective lagrangian of the light vector mesons and the positive parity heavy
meson resonances. In section 3 we discuss some problems related to the strong interactions effective
lagrangian: the strong coupling constant gB∗Bπ and its possible determinations; the one loop calculation
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of the B∗−B hyperfine splitting and the strong decays of positive parity states. In section 4, after a brief
review of the B → D,D∗ semileptonic transition, we discuss the effective weak V −A current and the chiral
corrections to the ratio fDs/fD. Semileptonic heavy mesons decays into a final state containing one light
meson are discussed in section 5, where we also consider the constraints put on the q2-behaviour of the
form factors by different theoretical approaches and by some weak non leptonic decay rates, most notably
B → J/ψK∗. In section 6 we consider radiative heavy meson decays and we discuss the predictions arising
from the chiral lagrangian approach. Sections 7 and 8 are devoted to heavy mesons containing two heavy
quarks: we write down an effective lagrangian describing their interactions and we use it to relate different
decay processes of these states. In particular we also discuss processes characterized by the breaking of
the symmetries of the effective theory: spin and chiral symmetry. Finally three appendices conclude the
work: the first contains a list of Feynman rules used to compute the amplitudes; in the second, some
integrals encountered in the loop calculations are listed; the last appendix contains the formalism for
higher angular momentum quarkonium states.
2 Heavy quark and chiral symmetry
2.1 Heavy Quark Effective Theory
The HQET describes processes where a heavy quark interacts via soft gluons with the light degrees of
freedom. The heavy scale in this case is clearlymQ, the heavy quark mass, and the other physical scale for
the processes of interest here is ΛQCD. The identification of the heavy degrees of freedom to be removed
requires some care: we do not want to integrate out completely the heavy quarks, being interested in
decays of heavy hadrons and therefore in matrix elements with heavy quarks on the external legs. As we
will see, the so called small component of the heavy quark spinor field, describing fluctuations around
the mass shell, has to be eliminated.
We indicate by vµ the velocity of the hadron containing the heavy quark Q. This is almost on shell
and its momentum pQ can be written, introducing a residual momentum k of the order of ΛQCD, as
pQ = mQv + k . (1)
We now extract the dominant part mQv of the heavy quark momentum defining a new field Qv
Qv(x) = exp(imQvx)Q(x) = hv(x) +Hv(x) . (2)
The field hv is the large component field, satisfying the constraint v/hv = hv: if the quark Q is exactly on
shell, it is the only term present in (2). Hv, the small component field, is of the order 1/mQ and satisfies
v/Hv = −Hv: it is integrated out when deriving the HQET effective lagrangian.
The non local effective lagrangian is derived by integrating out the heavy fields in the QCD generating
functional, as done in [30]. At tree level one has simply to solve the equation of motion for Hv and
substitute the result in the QCD lagrangian. The equation of motion is
(2mQ + ivD)Hv =
1− v/
2
iD/ hv (3)
where,
Dµ = ∂µ + igsA
a
µTa (4)
with Ta the generators of SU(3)c and gs =
√
4παs the strong coupling constant. We get
Leff = h¯v(ivD)hv + h¯viD/ (1− v/)
2
(
1
2mQ + ivD
)
iD/ hv . (5)
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where a sum over velocities is understood. By using the following identity:
1 + v/
2
γµ
1− v/
2
γν
1 + v/
2
=
1 + v/
2
(gµν − vµvν − iσµν)1 + v/
2
, (6)
we can write
Leff = h¯v(ivD)hv + h¯viDµ(gµν − vµvν − iσµν) 1
2mQ + ivD
iDνhv . (7)
The expansion of this lagrangian in 1/mQ gives an infinite series of local terms. The leading one is
L = h¯v(ivD)hv (8)
which, being mass independent, clearly exhibits the heavy-flavour symmetry. Moreover, since there are
no Dirac matrices in (8), the heavy quark spin is not affected by the interaction of the quarks with gluons
and therefore the lagrangian has a SU(2)-spin symmetry.
These symmetries are lost if we keep the next terms in the 1/mQ expansion
L = 1
2mQ
h¯v(iD)
2hv +
gs
4mQ
h¯vσαβG
αβhv +O(1/m2Q) , (9)
where we have used the equation of motion, ivDhv = O(1/mQ), to get rid of the term h¯v(vD)2hv.
The first term is the kinetic energy arising from the off-shell motion of the heavy quark, the second one
describes the chromomagnetic interaction of the heavy quark spin with the gluon field.
The last step in building up the effective lagrangian is the inclusion of QCD radiative corrections. In
(8) and (9) the Wilson coefficients are taken at the matching scale mQ, i.e. the scale at which the heavy
degrees of freedom are integrated out. The evolution down to a scale µ < mQ introduces logarithmic
corrections. Details and references can be found in [7, 8]. We shall summarize here only some results.
The inclusion of quantum loop corrections due to hard gluon exchanges modifies the coefficients in
the lagrangian (8) and (9), giving:
L = h¯v(ivD)hv + a1
2mQ
h¯v(iD)
2hv +
gsa2
4mQ
h¯vσαβG
αβhv . (10)
The tree level matching gives a1(mQ) = a2(mQ) = 1: in the leading logarithm approximation one finds
at the scale µ < mQ
a1(µ) = 1 , a2(µ) =
[
αs(mQ)
αs(µ)
]−9/(33−2Nf )
, (11)
where Nf is the number of active quark flavours in the range between µ and mQ. Notice that a1(µ) = 1:
this is a consequence of the so-called reparametrization invariance [31], which relates the term in a1 to
the leading one. Such an invariance arises from the fact that the decomposition (1) of the heavy quark
momentum is not unique. The transformation
v → v + q
mQ
k → k − q , (12)
where v · q = 0 to satisfy the constraint v2 = 1, is another possible decomposition and it has to give
rise to the same physical observables: only the heavy quark momentum is a well defined quantity. The
consequences of this invariance have been studied in ref. [31]. The main results are as follows. First of
all the velocity and the derivative iD should appear only in the combination
vµ + i
Dµ
M
(13)
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where M is the mass of the field under consideration (in this case mQ). Second one has to modify the
fields in the velocity representation, that is
φv(x) = exp(iMvx)φ(x) . (14)
The scalar fields do not require any change, but a vector fields P ∗v
µ, at the order 1/M should appear in
the combination
P ′v
µ
= P ∗v
µ − vµ iD · P
∗
v
M
. (15)
This is because the field P ∗v should satisfy the constraint vµP
∗
v
µ = 0 also after reparametrization. The
field P ′v, as well as the scalar field, have a very simple transformation law under the reparametrization
(12). They pick up a phase factor
P ′v
µ → exp (iqx)P ′vµ . (16)
Invariant terms under reparametrization are then easily constructed. In particular one finds a1(µ) = 1
from these constraints.
We want now to implement the symmetries discussed before in the spectrum of physical states, in
particular the pseudoscalar D and B meson states and the corresponding vector resonances D∗ and B∗.
The wave function of a heavy meson has to be independent of flavour and spin of the heavy quark:
therefore it can be characterized by the total angular momentum sℓ of the light degrees of freedom. To
each value of sℓ corresponds a degenerate doublet of states with spin J = sℓ ± 1/2. The mesons P and
P ∗ form the spin-symmetry doublet corresponding to sℓ = 1/2.
The negative parity spin doublet (P, P ∗) can be represented by a 4 × 4 Dirac-type matrix H , with
one spinor index for the heavy quark and the other for the light degrees of freedom. Such wave functions
transform under a Lorentz transformation Λ as
H → D(Λ)HD(Λ)−1 (17)
where D(Λ) is the usual 4 × 4 representation of the Lorentz group. Under a heavy quark spin transfor-
mation S belonging to SU(2) one has:
H → SH , (18)
where S satisfies [v/, S] = 0 to preserve the constraint v/H = H .
A matrix representation of current use is:
H =
(1 + v/)
2
[P ∗µγ
µ − Pγ5] (19)
H¯ = γ0H
†γ0 . (20)
Here v is the heavy meson velocity, vµP ∗aµ = 0 and MH = MP = MP∗ (we shall use also the notation
MH =M). Moreover v/H = −Hv/ = H , H¯v/ = −v/H¯ = H¯ .
P ∗µ and P are annihilation operators normalized as follows:
〈0|P |Qq¯(0−)〉 =
√
MH (21)
〈0|P ∗µ|Qq¯(1−)〉 = ǫµ
√
MH . (22)
The general formalism for higher spin states is given in [32]. Here we will consider only the extension
to P -waves of the system Qq¯. The heavy quark effective theory predicts two distinct multiplets, one
containing a 0+ and a 1+ degenerate state, and the other one a 1+ and a 2+ state. In matrix notations,
analogous to the ones used for the negative parity states, they are described by
S =
1
2
(1 + v/)[D
µ
1 γµγ5 −D0] (23)
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and
T µ =
1
2
(1 + v/)
[
Dµν2 γν −
√
3
2
D˜1νγ5
(
gµν − 1
3
γν(γµ − vµ)
)]
(24)
with the following conditions:
v/S = Sv/ = S
v/T µ = −T µv/ = T µ
v/S¯ = S¯v/ = S¯
−v/T¯ µ = T¯ µv/ = T¯ µ . (25)
These two multiplets have sℓ = 1/2 and sℓ = 3/2 respectively, where sℓ, the angular momentum of the
light degrees of freedom, is conserved together with the spin sQ in the infinite quark mass limit because
~J = ~sℓ + ~sQ.
2.2 Chiral symmetry
From the point of view of HQET it is natural to divide quarks into two classes by comparing their
lagrangian mass with ΛQCD. The u and d quarks belong definitely to the light quark class, mu, md ≪
ΛQCD. The situation for the strange quark is not so clear, but it is usually considered to belong to the light
quark class, though non negligible mass corrections are expected. If we take the limit mu, md, ms → 0,
the QCD lagrangian for these three quarks possesses a SU(3)L ⊗ SU(3)R ⊗ U(1)V symmetry which is
spontaneously broken down to SU(3)V ⊗ U(1)V . The lightest pseudoscalar particles of the octect π, K,
K¯, η are then identified with the Goldstone bosons corresponding to the broken generators. Of course,
due to the explicit symmetry breaking given by the quark mass term, the mesons acquire a mass.
As it is well known, the interactions among Goldstone bosons can be described by the chiral perturba-
tion theory [33], that is a low momentum expansion in momenta and meson masses. Chiral perturbation
theory describes the Goldstone bosons in terms of a 3 × 3 matrix Σ(x) ∈ SU(3) transforming under
SU(3)L ⊗ SU(3)R as
Σ→ gLΣgR† . (26)
The meson octect is introduced via the exponential representation
Σ = exp
(
2iM
f
)
f = 132MeV (27)
whereM is a 3× 3 hermitian, traceless matrix:
M =


√
1
2π
0 +
√
1
6η π
+ K+
π− −
√
1
2π
0 +
√
1
6η K
0
K− K¯0 −
√
2
3η

 . (28)
To the lowest order in the momenta and in the massless quark limit, the most general invariant lagrangian
is given by
L = f
2
8
Tr
[
∂µΣ∂µΣ
†
]
(29)
where the constant f2/8 has been chosen such as to get a canonical kinetic term for the mesonic fields
appearing inside the matrixM.
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Higher order terms in the momentum expansion are suppressed by powers of p/Λχ, where p is the
typical momentum scale of the process and Λχ is the chiral symmetry breaking scale, which is evaluated
to be of the order of 1 GeV. As we have already noticed, chiral symmetry is not an exact symmetry of
QCD, being explicitly broken by the quark mass term∑
a=u,d,s
q¯amˆabqb (30)
where mˆ is the light mass matrix:
mˆ =

 mu 0 00 md 0
0 0 ms

 . (31)
The expression (30) transforms as the representation (3¯L, 3R) ⊕ (3L, 3¯R). We can take into account this
breaking, at the first order in the quark masses, by adding to the chiral lagrangian a term transforming
exactly in the same way. This contribution can be written in the form
λ0Tr
(
mˆΣ+ Σ†mˆ
)
. (32)
The Goldstone bosons receive a contribution to their square mass from this term. This is the reason for
treating formally the quark masses as second order terms in the momentum expansion. Then, the tree
diagrams generated by (29) and (32) reproduce the same results of the soft pion theorems. Corrections to
the leading terms come from higher derivative or mass terms and from loop diagrams. It is also important
to stress that chiral perturbation theory is renormalizable at any fixed order in the momentum expansion.
The interactions of the Goldstone fields with matter fields such as baryons, heavy mesons or light
vector mesons (ρ, ω), can be described by using the theory of non linear representations as discussed
in the classical paper by Callan, Coleman, Wess and Zumino (CCWZ) [34]. The key ingredient in this
theory is the coset field ξ(x), which is defined on the coset space SU(3)L ⊗ SU(3)R/SU(3)V . In this
context, the ξ(x) field is simply related to Σ(x) by the relation
Σ(x) = ξ2(x) . (33)
The transformation properties of ξ(x) under chiral transformations (that is transformations of SU(3)L⊗
SU(3)R) are
ξ(x)→ gLξ(x)U †(x) = U(x)ξ(x)g†R . (34)
The matrix U(x) belongs to the SU(3)V unbroken subgroup and it is defined by the previous equation.
As a consequence, U(x) is generally a complicated non-linear function of the coset field ξ(x) itself,
and, as such, space-time dependent. The matter fields have definite transformation properties under the
unbroken SU(3)V group. For instance, a heavy meson made up by a heavy quark Q and a light antiquark
q¯a (a = u, d, s), transforms, under a chiral transformation, according to the representation 3¯ of SU(3)V ,
that is (Ha ≈ Qq¯a)
Ha → HbU †ba(x) (35)
where U is the same matrix appearing in eq. (34). In view of the locality properties of the transformation
U(x), one needs covariant derivatives or gauge fields, in order to be able to construct invariant derivative
couplings. This is provided by the vector current
Vµ = 1
2
(
ξ†∂µξ + ξ∂µξ
†
)
(36)
transforming under the chiral transformation of eq. (34) as
Vµ → UVµU † + U∂µU † . (37)
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It is also possible to introduce an axial current, transforming as the adjoint representation of SU(3)V
Aµ = 1
2
(
ξ†∂µξ − ξ∂µξ†
)
(38)
with
Aµ → UAµU † . (39)
2.3 A chiral lagrangian for heavy mesons
The effective lagrangian for the strong interactions of heavy mesons with light pseudoscalars must satisfy
Lorentz and C, P, T invariance. Furthermore, at the leading order in the 1/M expansion (M is the heavy
meson mass), and in the massless quark limit, we shall require flavour and spin symmetry in the heavy
meson sector, and chiral SU(3)L ⊗ SU(3)R invariance in the light one. The most general lagrangian is
then [10, 11, 12]:
L = i < HbvµDµbaH¯a > +ig < Hbγµγ5AµbaH¯a > +
+
f2
8
∂µΣab∂µΣ
†
ba (40)
where Dµ = ∂µ + Vµ and < . . . > means trace over the 4 × 4 matrices. In (40) a sum over heavy meson
velocities is understood. The first term in the lagrangian contains the kinetic term for the heavy mesons
giving the P and P ∗ propagators,
i
2v · k (41)
and
− i(g
µν − vµvν)
2v · k (42)
respectively. The interactions among heavy and light mesons are obtained by expanding the field ξ(x) =
exp(iM(x)/f) and taking the traces. In the first term there are interactions among the heavy mesons
and an even number of pions coming from the expansion of the vector current Vµ. The interactions with
an odd number of pions originate from the second term. As an example, the first term in the expansion
of the axial current gives
Aµ ≈ i
f
∂µM+ . . . (43)
The last term in (40) is the non-linear lagrangian discussed in the previous section, describing the light
meson self-interactions. Corrections to this lagrangian originate from higher terms in the 1/M expansion
and from chiral symmetry breaking. Let us start with the last issue. We proceed as in the previous
section by considering, at the first order, breaking terms transforming as (3¯L, 3R) ⊕ (3L, 3¯R) under the
chiral group. The most general expression is
LχB = λ0(mˆabΣba + mˆabΣ†ba) + λ1 < H¯aHb(ξmˆξ + ξ†mˆξ†)ba >
+ λ′1 < H¯aHa(mˆΣ+ mˆΣ
†)bb >
+ iλ3 < Hbγµγ5Aµbc(ξmˆξ + ξ†mˆξ†)caH¯a > +
+ iλ′3 < HaH¯aγµγ5Aµcd(ξmˆξ + ξ†mˆξ†)dc > . (44)
Here we have neglected terms contributing to processes with more than one pion. Notice that the
coefficients λ3 and λ
′
3 should be of order 1/Λχ because they multiply operators of dimension five. In
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principle there are other dimension five operators (see [35]), which however contribute only to the order
1/Λχ × 1/M (neglecting again interaction terms with more than one pion field). The λ1 and λ′1 terms
give rise to a shift in the heavy meson propagators. For instance, in the case of the strange heavy mesons,
they produce the shift v · k→ v · k − δ with δ =MDs −MD =MBs −MB.
Let us now discuss the 1/M corrections (see refs. [35, 36]). First, one has to take into account
the constraints coming from the reparametrization invariance that tie together different orders in the
expansion. In the present formalism one can define H fields transforming by the simple phase factor
exp(iqx) under the transformation (12)
H ′ = H +
i
2M
Dµ[γ
µ, H ] . (45)
In fact, it is easily seen that, neglecting terms proportional to the form of the free wave equation (con-
tributing to the next order in the expansion) is equivalent to use the equation (13) for the four-velocity
and the equation (15) for the vector field in the definition of H . This substitution modifies the zeroth
order lagrangian in the way described in [35]. We shall not report here the expressions because all the
extra terms involve at least two derivatives and they contribute only at the order 1/M2. Finally we have
O(1/M) terms which are invariant under four-velocity reparametrization, and therefore they appear with
arbitrary coefficients. In this discussion an important role is played by the time-reversal invariance. In
our case we have to require invariance under the following transformations
Hv(x)→ THvP (−xP )T−1
M(x)→ −M(−xP )
Aµ(x)→ Aµ(−xP ) (46)
where xP and vP are the parity reflections of x and v, that is, x
µ
P = xµ and v
µ
P = vµ. Also
TγµT−1 = γ∗µ . (47)
Taking into account this constraint and neglecting higher derivative terms (which contribute to the order
1/M2), one finds [35]
L1/M =
λ2
M
< H¯aσµνHaσ
µν >
+ i
g1
M
< Hbγµγ5AµbaH¯a >
+ i
g2
M
< γµγ5AµbaHbH¯a > . (48)
By writing λ2 = −M∆/2 = −M(MP∗ −MP )/2, one sees that the effect of the corresponding operator is
to shift the P and P ∗ propagators to
i
2(v · k + 34∆)
(49)
and
− i(g
µν − vµvν)
2(v · k − 14∆)
(50)
respectively. The couplings g1 and g2 renormalize the coupling g appearing in equation (40) in different
way for the P ∗P ∗and P ∗P couplings. More precisely one finds
g → gP∗P∗ = g + 1
M
(g1 + g2)
g → gP∗P = g + 1
M
(g1 − g2) . (51)
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2.4 Light vector resonances
We want now to introduce in the previous effective lagrangian, equation (40), the light vector resonances,
ρ, K∗, etc. We shall make the hypothesis that they can be treated as light degrees of freedom. Therefore
they could be introduced as matter fields by using the CCWZ formalism [34]. However we prefer here
to make use of the hidden gauge symmetry approach [37], as done in [13] (see also [16, 38]). The two
methods are completely equivalent, but the second one is easier to deal with. The main idea lies in the
observation that any non-linear σ-model based on the quotient space G/H , where G is the symmetry
group and H the unbroken subgroup, is equivalent to a linear model with enlarged symmetry G×Hlocal,
where Hlocal is a local symmetry group isomorphic to the unbroken group H . In the linear model the
fields have values in the group G, rather than in G/H as in the non-linear formulation. The extra degrees
of freedom can be gauged away by taking advantage of the local invariance related to Hlocal. In the
unitary gauge one recovers the CCWZ formulation. However, the explicit appearance, in the formalism,
of a local invariance group gives room for the introduction of gauge fields with values in the Lie algebra
of H , which will be interpreted as the light vector mesons. Again, one can show that in the unitary
gauge these fields correspond to vector matter fields of the CCWZ formulation [37]. Originally [39] it was
proposed that the ρ meson was the dynamical gauge boson of the hidden local symmetryHlocal = SU(2)V
in the SU(2)L⊗SU(2)R/SU(2)V nonlinear chiral lagrangian. The extension to SU(3) is straightforward
[40] and incorporates the ρ, K∗, K¯∗ and φ− ω mesons.
Let us briefly describe the procedure. It consists in using two new SU(3) matrix-valued fields L and
R to build up Σ
Σ = LR† . (52)
The chiral lagrangian in (29) is then invariant under the group SU(3)L ⊗ SU(3)R ⊗ SU(3)H
L→ gLLh†(x), R→ gRRh†(x) (53)
where h ∈ SU(3)H is a local gauge transformation. The local symmetry associated to the group SU(3)H
is called hidden because the field Σ belongs to the singlet representation. It should be noticed that this
description is equivalent to the previous one by the gauge fixing L = R† = ξ, which can be reached
through a gauge transformation of SU(3)H . With the fields L and R we can construct two currents
Vµ = 1
2
(
L†∂µL+R
†∂µR
)
(54)
Aµ = 1
2
(
L†∂µL−R†∂µR
)
(55)
which are singlets under SU(3)L ⊗ SU(3)R and transform as
Vµ → hVµh† + h∂µh† (56)
Aµ → hAµh† (57)
under the local group SU(3)H . In the unitary gauge L = R
† = ξ they reduce to the V and A previously
introduced in (36) and (38).
In this notation, the transformation (35) for Ha reads
Ha → Hbh†ba(x) (58)
and the covariant derivative is defined as
DµH¯ = (∂µ + Vµ)H¯ . (59)
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The octet of vector resonances (ρ, etc.) is introduced as the gauge multiplet associated to the group
SU(3)H . We put
ρµ = i
gV√
2
ρˆµ (60)
where ρˆ is a hermitian 3×3 matrices analogous to the one defined in equation (28). This field transforms
under the full symmetry group as Vµ
ρµ → hρµh† + h∂µh† . (61)
The vector particles acquire a common mass through the breaking of SU(3)L ⊗ SU(3)R ⊗ SU(3)H to
SU(3)V . In fact, 8 out of the 16 Goldstone bosons coming from the breaking are the light pseudoscalar
mesons, whereas the other 8 are absorbed by the ρ field.
We can now build a lagrangian describing the interactions of heavy mesons with low momentum vector
resonances, respecting chiral and heavy quark symmetries. The new terms we have to add to (40) are :
Lρ = 1
2g2V
< Fµν(ρ)F
µν(ρ) > −f
2
2
[
< (Aµ)2 > +a < (Vµ − ρµ)2 >
]
+ iβ < Hbv
µ (Vµ − ρµ)ba H¯a > +iλ < HbσµνFµν(ρ)baH¯a > , (62)
where Fµν(ρ) = ∂µρν − ∂νρµ + [ρµ, ρν ].
In the first line in (62) there is the kinetic term for the light vector resonances. The second term gives
back the non linear σ-model lagrangian (29), as it can be seen by using the identity
〈AµAµ〉 = −1
4
〈∂µΣ∂µΣ†〉 (63)
plus interactions among pions and ρ-like particles. The value of the parameters a and gV can be fixed by
considering the electromagnetic couplings [37]. In this way one can see that the first KSRF relation [41]
is automatically satisfied
gρ = gρππf
2 , (64)
with gρ is the ρ− γ mixing parameter, and gρππ = agV /2. Furthermore, from the second KSRF relation,
m2ρ = g
2
ρππf
2 (65)
and extracting the ρ mass from (62),
m2ρ =
1
2
ag2V f
2 , (66)
we see that a = 2, and that
gV =
mρ
f
≈ 5.8 . (67)
The terms proportional to β and λ give the couplings of the light vector mesons with the heavy states,
like PPρ, PP ∗ρ etc.
As usual in (62) we have considered the lowest derivative terms. Explicit symmetry breaking terms
can be introduced as in (44) and (48).
As shown in [42], the hidden symmetry approach has an interesting limit in which an additional
symmetry appear, the so-called vector symmetry. In this limit the vector meson octet is massless and the
chiral symmetry is realized in an unbroken way: the longitudinal components of the vector mesons are the
chiral partners of the pions. A chiral lagrangian for heavy mesons incorporating both heavy quark and
vector symmetries has been written down in [43]: having an additional symmetry, there is a reduction of
the number of effective coupling constants, and in the exact symmetry limit only one unknown coupling
constant appears. However large symmetry breaking effects are expected and corrections to the vector
limit can be sizeable.
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2.5 The chiral lagrangian for the positive parity states
In the sequel we shall use also the chiral lagrangian for the positive parity states introduced in section
2.1. This lagrangian, containing the fields Sa and T
µ
a as well as their interactions with the Goldstone
bosons and the fields Ha, has been derived in refs. [32, 18]:
L3 = Lkin + L1π + Ls + Ld (68)
Lkin = i < Sb(v ·D)baS¯a > +i < T µb (v ·D)baT¯µa >
− δms < SaS¯a > −δmT < T µa T¯µa > (69)
L1π = ik < T µb γλγ5AλbaT¯µa > +ik˜ < Sbγµγ5AµbaS¯a > (70)
Ls = ih < Sbγµγ5AµbaH¯a > +ih˜ < T µb Aµbaγ5S¯a > +h.c. (71)
Ld = i h1
Λχ
< T µb γλγ5(DµAλ)baH¯a >
+ i
h2
Λχ
< T µb γλγ5(D
λAµ)baH¯a > . (72)
In (69) δms =MD0 −MP =MD1 −MP , δmT =MD2 −MP =MD˜1 −MP . A mixing term between the
S and Tµ field is absent at the leading order. Indeed, saturating the µ index of Tµ with vµ or γµ gives
a vanishing result, and derivative terms are forbidden by the reparametrization invariance [32, 18]. We
can also introduce the couplings of the vector meson light resonances to the positive and negative parity
states as follows
L4 = LSρ + LTρ + L′ (73)
LSρ = iβ1 < Sbvµ(Vµ − ρµ)baS¯a > +iλ¯1 < SbσµνFµν(ρ)baS¯a > (74)
LTρ = iβ2 < T λb vµ(Vµ − ρµ)baT¯aλ > +iλ¯2 < T λb σµνFµν(ρ)baT¯aλ > (75)
L′ = iζ < S¯aHbγµ(Vµ − ρµ)ba > +iµ < S¯aHbσλνFλν(ρ)ba >
+ iζ1 < H¯aT
µ
b γµ(Vµ − ρµ)ba > +iµ1 < H¯aT µb γνFµν(ρ)ba > . (76)
We shall see in the sequel that some information on the coupling constants g, µ, λ, and ζ can be obtained
by the analysis of the semileptonic decays
H → Plν¯l, H → P ∗lν¯l (77)
and from the radiative decay
P ∗ → Pγ . (78)
As discussed in the next sections g and λ have been also evaluated by potential models and QCD sum
rules.
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3 Strong interactions
In the limit of exact chiral, heavy flavour, and spin symmetries, the low-energy interaction among two
heavy mesons and light pseudoscalars is governed by the lagrangian (40). The coupling constant g,
describing the coupling of the heavy mesons to the pseudoscalar Goldstone bosons, is one of the funda-
mental parameters of the effective lagrangian. As we shall see, via chiral loops, it enters into a variety of
corrections to both the chiral and the spin symmetry limit of many quantities of interest.
For the time being we limit the discussion to the strong interaction among the lowest lying, negative
parity states, P a (0−) and P a∗ (1−), contained in the multiplet Ha. Later on we shall discuss strong
interactions involving excited states.
The terms containing one light pseudoscalar are readily obtained from the lagrangian (40). They
read:
L = − g
f
tr(HaHbγµγ5)∂
µMba
=
[
−2g
f
P ∗µ∂
µMP † + h.c.
]
+
2gi
f
ǫαβµνP
∗β∂µMP ∗†αvν . (79)
The interaction term PPπ is forbidden by parity; the direct P ∗ → Pπ transition is not allowed in the B
system because of lack of phase space. On the other hand, this transition occurs for D mesons. From eq.
(79) one obtains the partial widths:
Γ(D∗+ → D0π+) = g
2
6πf2
|~pπ|3
Γ(D∗+ → D+π0) = Γ(D∗0 → D0π0) = g
2
12πf2
|~pπ|3 (80)
The decay D∗0 → D+π− is also forbidden by the phase space. The D∗+ decay is dominated by the
Dπ channels (see table 1, [44, 45]). There is an experimental upper bound on the total D∗+ width:
Γtot(D
∗+) < 131 KeV [46]. By combining this bound with the measured branching ratios of D∗+
reported in table 1, one obtains the following upper limit for g:
g2 < 0.5 . (81)
Table 1: Experimental D∗ branching ratios (%)
Decay mode Branching ratio
D∗0 → D0π0 63.6± 2.8
D∗0 → D0γ 36.4± 2.8
D∗+ → D0π+ 68.1± 1.3
D∗+ → D+π0 30.8± 0.8
D∗+ → D+γ 1.4± 0.8
Also the radiative partial widths Γ(D∗0 → D0γ) and Γ(D∗+ → D+γ) depend, via chiral loops, on
the g coupling constant [47, 48, 49]. This dependence will be discussed in section 6.1.
A list of measurable quantities which depend on the g coupling constant either directly, or via chiral
loop corrections, includes: the rate for B → D(D∗)πlν, the form factors for the weak transitions between
heavy and light pseudoscalars, the chiral corrections to the ratios fDs/fD+ , BBs/DD+ , to the Isgur-Wise
function ξ(v · v′), to the double ratio (fBs/fB0)/(fDs/fD+), and to several mass splittings in the P ∗a , Pa
system. The discussion of these observables will be presented below.
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3.1 Theoretical estimates of g
In this section we review some theoretical estimate of the strong coupling constant g defined in eq. 40.
3.1.1 Constituent quark models
In the constituent quark model, one finds g ≃ 1 [11]. As a matter of fact the axial-vector current jA5 µ
associated to the lagrangian of eq. (40) reads:
jA5 µ = −gT r[H¯aHbγµγ5](TA)ba + ... (82)
where TA (A = 1, ...8) are SU(3) generators and the dots stand for terms containing light pseudoscalar
fields. The matrix element of the combination j15µ + i j
2
5µ between the D
∗− and the D0 states can be
easily evaluated. By working in the D∗− rest frame and by selecting the longitudinal helicity, one obtains:
〈D∗−|(j15 + ij25)µ=3|D0〉 = −g (83)
On the other hand, if one identifies, without further renormalization, the partially conserved axial currents
of eq. (82) with the corresponding currents of QCD:
(jA5 )
QCD
µ = qa(T
A)abγµγ5qb (84)
one can evaluate the same matrix element within the non-relativistic constituent quark model, obtaining:
〈D∗−|(j15 + ij25)µ=3|D0〉 = −1 . (85)
The comparison between the eq. (83) and (85) leads to:
g = 1 . (86)
A similar argument provides gA = 5/3 for the nucleon, to be compared with the experimental result
gA ≃ 1.25 (analogous result was previously obtained in the constituent quark model [50]). The authors
in ref. [51] find a slightly different value: g ≃ 0.8, obtained in a calculation considering mock mesons (see
references therein). A similar value g ≃ 0.8 is obtained in [52] using PCAC (see also [53] and [54]).
In ref. [27] it has been suggested that a departure from the naive constituent quark model might arise
as a consequence of the relativistic motion of the light antiquark q¯ inside the heavy meson. The model
adopted in [27] is based on a constituent quark picture of the hadrons; the strong interaction between
the quarks is described by a QCD inspired potential [55] and the relativistic effects due to the kinematics
are included by considering as wave equation the Salpeter equation [56] (for more details see [57]).
In this model one finds [27]:
g =
1
4MD
∫ ∞
0
dk
2π2
k2|ψ|2Eq +mq
Eq
[
1− k
2
3(Eq +mq)2
]
. (87)
where Eq =
√
~k2 +m2q is the light quark energy, and ψ is the wave function. By considering the
non-relativistic limit (Eq ≃ mq ≫ k) one obtains g = 1, because of the normalization condition
1
(2π)3
∫
d~k|ψ|2 = 2MD , (88)
This reproduces the constituent quark model result of eq. (86).
Let us now take in (87) the limit of very small light quark masses (we note that there is no restriction
to the values of mq in the Salpeter equation and mq = 0 is an acceptable value). In this case, we obtain:
g =
1
3
. (89)
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It is worth to stress that the strong reduction of the value of g from the naive non relativistic quark
constituent model value g = 1 (eq. 86) to the result (89) has a simple explanation in the effect of the
relativistic kinematics taken into account by the Salpeter equation. Similar results have been obtained
in [58].
Including finite mass effects (mu = md = 38 MeV ; ms = 115MeV , mc = 1452MeV , mb =
4890MeV are used in this fit) one obtains the numerical results:
g = 0.40 (D case) (90)
g = 0.39 (B case) . (91)
3.1.2 QCD sum rules
The coupling constant g has also been determined within the QCD sum rule approach [59, 25, 60, 61] 1.
The starting point of this approach is the QCD correlation function:
Aµ(P, q) = i
∫
dx < π−(q)|T (Vµ(x)j5(0)|0 > e−iq1x = Aqµ +BPµ (92)
where, considering the case of the B system, Vµ = uγµb, j5 = ibγ5d, P = q1 + q2, q = q1 − q2 and A, B
are scalar functions of q21 , q
2
2 , q
2.
Both A and B satisfy dispersion relations and are computed, according to the QCD sum rules method,
in two ways: either by means of the operator product expansion (OPE), or by writing a dispersion relation
and saturating the associated spectral function by physical hadronic states.
The OPE can be performed in the soft-pion limit qµ → 0, for large Euclidean momenta (q21 = q22 →
−∞). The various contributions come from the expansion of the heavy quark propagator and of the
vector current Vµ. This leads to a combination of matrix elements of local operators bilinear in the light
quark fields, taken between the vacuum and the pion state. On the other hand, when considering the
dispersion relation for the correlator of eq. (92), the constant g enters via the contribution of the B and
B∗ poles to the spectral density, through the S-matrix element:
< π−(q) B¯o(q2)|B∗−(q1, ǫ) > = gB∗Bπ ǫµ · qµ (93)
From the lagrangian in eq. (79), one immediately finds:
gB∗Bπ =
2MB
f
g . (94)
The QCD sum rule approach allows to estimate directly the strong amplitude of eq. (93), characterized
by the coupling constant gB∗Bπ. This includes the full dependence on the heavy quark mass mb, not only
its asymptotic, large mb, behaviour.
On the other hand, by retaining only the leading terms in the limitmb →∞, one obtains the following
numerical results from the sum rule:
Fˆ 2 g = 0.040± 0.005 GeV3 . (95)
where Fˆ parametrizes the leading term in the decay constants fB and fB∗ :
fB = fB∗ =
Fˆ√
MB
. (96)
1For a complete list of earlier references, see ref. [60].
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Fˆ can be computed by QCD sum rules. For example, for ω = 0.625 GeV (ω is the binding energy of the
meson, finite in the large mass limit), and the continuum threshold parameter y0 in the range 1.1 − 1.4
GeV, and neglecting QCD corrections [62] the result is
Fˆ = 0.30± 0.05GeV3/2 . (97)
By including radiative corrections one finds higher values (around 0.4-0.5 GeV3/2) that are compatible
with the results obtained by lattice QCD;
Fˆ = 0.55± 0.07 [63]
Fˆ = 0.61± 0.08 [64]
Fˆ = 0.49± 0.05 [65] . (98)
Since one has neglected in (95) radiative corrections, a safer value for Fˆ is given in eq. (97), which
is also the value we shall use in the subsequent sections. From eqs. (95) and (97), one would obtain:
g = 0.44± 0.16.
An independent estimate of g can be obtained by expanding the correlator of eq. (92) near the
light-cone in terms of non-local operators whose matrix elements define pion wave functions of increasing
twist (this method is called light-cone sum rules). In this way, an infinite series of matrix elements
of local operators is effectively replaced by a universal, non-perturbative, wave-function whose high-
energy asymptotic behaviour is dictated by the approximate conformal invariance of QCD. By using this
technique, in [60], the following result has been obtained: g = 0.32± 0.02.
Our best estimate for g, based on the analyses of both QCD sum rules [25, 60] and relativistic quark
model [27] is
g ≈ 0.38 (99)
with an uncertainty that we estimate around ±20%. This is the value we shall use in the next sections.
In section 6.1 we will show that also the results from radiative D∗ decays are compatible with (99).
3.2 Chiral corrections to g
Due to the exact chiral symmetry of the interaction terms in eq. (40), the coupling constant g does not
depend on the light flavour species. Chiral breaking effects can be accounted for by adding breaking
terms to the symmetric lagrangian. The chiral breaking parameters are the light quark masses, and the
lowest approximation consists in keeping all the terms of the first order in the quark mass matrix.
On the other hand, in a given process, corrections to the chiral limit can arise in two ways: either
via chiral loops, with mesons propagating with their physical, non-vanishing mass, or via counterterms
which affect the considered quantity at tree-level. The latter corrections exhibit an analytic dependence
on the quark masses and are typically unknown, being related to new independent parameters of the
chiral lagrangian. On the contrary, the former terms contain a non-analytic dependence on the quark
masses which is calculable via a loop computation. The loop corrections in turn depend explicitly on
an arbitrary renormalization point µ2 (e.g. the t’Hooft mass of the dimensional regularization). This
dependence is cancelled by the µ2 dependence of the counterterms.
Although the overall result is given by the sum of these two separate contribution, it is current practice
to estimate roughly the chiral corrections by neglecting the analytic dependence and by fixing to about 1
GeV the renormalization scale µ in the loop computation. The adopted point of view is that the overall
effect of adding the counterterm consists in replacing µ2 in the loop corrections with the physical scale
relevant to the problem at hand, Λ2χ. Possible finite terms in the counterterm are supposed to be small
compared to the large chiral logarithms due to the formal enhancement of the non-analytic terms as
m2πlogm
2
π over the analytic ones. In view of these uncertainties the results of this method are more an
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indication of the size of the corrections than a true quantitative calculation, since there are examples e.g.
in kaon physics where the finite counterterms are not negligible ([66]).
With this philosophy in mind, the chiral corrections to the g coupling constant have been evaluated
in ref. [67, 68, 36]. Neglecting the u and d quark masses in comparison to the strange quark mass and by
using the Gell-Mann-Okubo formula to express m2η in terms of m
2
K (m
2
η = 4/3m
2
K), the leading one-loop
logarithmic corrections can be expressed in terms of
χ =
1
16π2
m2K
f2π
log(
m2K
µ2
)
≃ −0.125 (µ = 1 GeV) . (100)
The one-loop coupling constant, geff , is given by:
geff = g
[
1− (1 + 35
9
g2)χ
]
≃ 0.45 (g = 0.38) . (101)
In computing these class of corrections one may use the Feynman rules reported in appendix A. The
result (101) will be used in the evaluation of the loop corrections to the matrix element of the weak
current between π and P (P = D,B), as discussed in section 5.2.2.
3.3 Hyperfine splitting
As an example of application of the chiral perturbation theory to the calculation of physical observables
relative to heavy Qq¯ mesons, in this section we work out in some detail the hyperfine mass splitting
between 1− and 0− mesons. As a matter of fact, the spectroscopy of heavy mesons is probably the
simplest framework where the ideas and the methods of heavy quark expansion can be quantitatively
tested. As explained in section 2.3, the splitting among the 1− and 0− heavy mesons masses is due, at
the leading order, by the 1/M correction of eq. (2.48):
∆ = (mP∗ −mP ) = −2λ2
M
. (102)
The experimental data, listed in table 2, supports quite well the approximate scaling law suggested by
eq. (102). These data can be used to estimate the parameter λ2:
Table 2: Experimental mass splittings between 1− and 0− mesons.
∆ (MeV)
MD∗+ −MD+ 140.64± 0.09
MD∗0 −MD0 142.12± 0.07
MD∗±s −MD±s 141.6± 1.8
MB∗ −MB 46.0± 0.6
MB∗s −MBs 47.0± 2.6
λ2 ≃ 0.10− 0.11 GeV 2 . (103)
The second term in eq. (44), independent of the heavy quark flavour, is responsible for the mass splitting
between strange and non-strange heavy mesons:
∆s = 2λ1ms . (104)
Experimentally one has [45]:
MD∗±s −MD± = 99.1± 0.6 MeV
MB0s −MB = 96± 6 MeV , (105)
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leading to
λ1 ≃ 0.33 . (106)
Recently, attention has been focused on the combinations [69, 70, 71, 36]:
∆D = (MD∗s −MDs)− (MD∗+ −MD+) (107)
∆B = (MB∗s −MBs)− (MB∗0 −MB0) (108)
which are measured to be [45]:
∆D ≃ 1.0± 1.8 MeV (109)
∆B ≃ 1.0± 2.7 MeV . (110)
This hyperfine splitting is free from electromagnetic corrections and vanishes separately in the SU(3)
chiral limit and in the heavy quark limit. In the combined chiral and heavy quark expansion, the leading
contribution is of order ms/mQ and one would expect the relation [69]:
∆B =
mc
mb
∆D . (111)
In our framework the lowest order operator contributing to ∆D,B is:
η O2 = η
8M
Tr[H¯aσµνHbσ
µν ]
(mξ)ba
Λχ
. (112)
The matrix mξ is
mξ = (ξmˆξ + ξ
†mˆξ†) (113)
where mˆ is the light quarks mass matrix and ξ the coset variable defined in eq. (2.33). By taking
ms/Λχ ≃ 0.15 and η ≃ Λ2QCD ≃ 0.1 GeV 2 one would estimate:
∆D ≃ 20 MeV (114)
∆B ≃ 6 MeV . (115)
Given the present experimental accuracy, the above estimate is at most acceptable, as an order of mag-
nitude, for ∆B , while it clearly fails to reproduce the data for ∆D. If the contribution from O2 were the
only one responsible for the hyperfine splittings, agreement with the data would clearly require a much
smaller value for η.
In chiral perturbation theory, an independent contribution arises from one-loop corrections to the
heavy meson self energies [71], evaluated from an initial lagrangian containing, at the lowest order, both
the chiral breaking and the spin breaking terms of eq. (44) and (48). These corrections can be computed
by using the Feynman rules given in appendix A; they depend on an arbitrary renormalization point µ2
(e.g. the t’Hooft mass of dimensional regularization). This dependence is cancelled by the µ2 dependence
of the counterterm η(µ2)O2. Following the discussion in section 3.2 one can use µ = 1 GeV.
The possible sources of hyperfine splittings via chiral loops are the light pseudoscalar masses mπ, mK
and mη, the mass splittings ∆s, ∆ of eqs. (102), (104) and, finally, the difference between the P
∗P ∗π
and the P ∗Pπ couplings (P = D,B) induced by the last term of eq. (48).
This splitting is of order 1/M , and, from eq. (51), one obtains:
∆g ≡ gP∗P∗π − gP∗Pπ = 2 g2
M
. (116)
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The second term in (48), proportional to g1, breaks only the heavy flavour symmetry, making the B
∗B(∗)π
and D∗D(∗)π couplings different. The third term, proportional to g2, breaks also the spin symmetry and
contributes differently to the P ∗Pπ and to the P ∗P ∗π couplings. This is precisely the effect relevant to
the hyperfine splitting.
In terms of these quantities, one finds [71, 70, 36]:
∆P =
g2∆
16π2f2
[
4m2K log(
Λ2χ
m2K
) + 2m2η log(
Λ2χ
m2η
)− 6m2π log(
Λ2χ
m2π
)
]
+
g2∆
16π2f2
[24πmK∆s]
− g
2
6πf2
∆g
g
(m3K +
1
2
m3η −
3
2
m3π) . (117)
The dependence upon the heavy flavour P = D,B is contained in the parameters ∆ and ∆g.
The first term in eq. (117) is the so called chiral logarithm [71]. In the ideal situation with pseudoscalar
masses much smaller than Λχ, it would represent the dominant contribution to ∆P . Calling ∆
0
D and ∆
0
B
its value for the D and B mesons, respectively, one finds:
∆0D ≃ +13 MeV, ∆0B ≃ +4 MeV, (118)
where we are using the representative value g = 0.38 (see eq. (99)).
The second term in eq. (117) represents a non analytic contribution of orderm
3/2
s [70], which, although
formally suppressed with respect to the leading one, is numerically more important, because of the large
coefficient 24π. The separate contributions to the D and B hyperfine splittings read:
∆1D ≃ +30 MeV, ∆1B ≃ +9 MeV . (119)
Finally, the last term in eq. (117) [36] is also of order m
3/2
s . Its evaluation requires the estimate of
the difference ∆g/g, which is not directly related to other experimental data. In ref. [72], this difference
has been computed in the framework of QCD sum rules. Using mb = 4.6 GeV and mc = 1.34 GeV one
gets:
f2B∗ gB∗B∗π = 0.0094± 0.0018 GeV 2
f2D∗ gD∗D∗π = 0.017± 0.004 GeV 2 ; (120)
and for the gP∗Pπ coupling
fB fB∗ gB∗Bπ = 0.0074± 0.0014 GeV 2
fD fD∗ gD∗Dπ = 0.0112± 0.0030 GeV 2 . (121)
To derive the difference ∆g at first order in 1/M , one should expand the relevant sum rules in the
parameter 1/M , keeping the leading term and the first order corrections which are given by(
g1 + g2
g
)
+ 2A′ = −0.15± 0.20 GeV
(
g1 − g2
g
)
+A′ +A = −1.15± 0.20 GeV (122)
and
2
g2
g
+ (A′ −A) = 0.99± 0.02 GeV . (123)
The couplings g1 and g2 have been defined in eq. (51) and the parameters A and A
′ are related to the
1/M corrections to the leptonic decay constants, fP and fP∗ :
fP =
Fˆ√
M
(
1 +
A
M
)
fP∗ =
Fˆ√
M
(
1 +
A′
M
)
. (124)
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Neglecting radiative corrections, A and A′ are given by [73, 62]:
A = −ω + GK
2
+ 3GΣ A
′ = −ω
3
+
GK
2
−GΣ (125)
where ω represents the difference between the pseudoscalar meson and the heavy quark masses, at leading
order in 1/M . The splitting of the couplings depends on the quantity 2 g2/g that contains only the
difference A′ −A given by:
A′ −A = 2
3
ω − 4GΣ (126)
There is disagreement in the literature on the values of the parameter GΣ: at the b quark mass scale
from ref.[73] one gets GΣ = (0.042 ± 0.034 ± 0.023 ± 0.030) GeV , while in ref. [62] the central value
GΣ ≃ −(0.052) GeV is quoted. In view of this discrepancy, to provide an estimate of the difference (126),
it is reasonable to approximate A′ −A ≈ 2/3ω ≈ 0.4 GeV , obtaining
2
g2
g
≈ 0.6 GeV . (127)
From (116), (127) and from the formula (117) of the hyperfine mass splitting one finds:
∆B ≈ g2 (27.3 + 61.4− 75.8) MeV = 12.9 g2 MeV (128)
We notice that we have used in eq. (117) f = fπ = 130 MeV for all the light pseudoscalar mesons of
the octet. In eq. (128) we have detailed the contributions ∆0, ∆1 and the one from ∆g/g respectively.
We have also taken Λχ = 1 GeV . It is evident that there is a large cancellation among the last term and
the other ones. For the value g = 0.38 we obtain
∆B ≃ 1.9 MeV . (129)
The application of this result to the charm case is more doubtful, in view of the large values of the 1/mc
correction ∆g/g. By scaling the result (129) to the charm case, one would obtain
∆D =
mb
mc
∆B ≃ 6.3 MeV . (130)
In conclusion we observe that the application of chiral perturbation theory to the calculation of the
heavy meson hyperfine mass splitting is rather successful, even though, given the large cancellations in
eq. (128), the results (129) and (130) should be considered as order of magnitude estimates only.
3.4 Strong decays of positive parity states
In this section we shall examine the applications of the effective lagrangian approach to the strong decays
of the positive parity heavy meson states. We shall first review the experimental evidence for these states;
next we shall give the formulas for the decay rates into final states with one pion. Finally we shall present
some estimates of the couplings based on QCD sum rules and we shall apply them to the calculation of
the strong decay rates.
Strong transitions of the positive parity states, contained in the multiplets S and T introduced in
section 2.1, are described in the present formalism by the lagrangian L3 of eq. (68), explicitly discussed
in section 2.5. The experimental data concerning these states are still at a preliminary stage. In the
charm sector, the total widths of the D2(2460) and D1(2420) states, have been measured [45]:
Γtot(D2(2460)) = 21± 5 MeV (131)
Γtot(D1(2420)) = 18± 5 MeV . (132)
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As for the B sector, evidence has been recently reported [74, 75] of a bunch of positive parity states B∗∗,
with an average mass
mB∗∗ = 5732± 5± 20 MeV (133)
and an average width
Γ(B∗∗) = 145± 28 MeV . (134)
The OPAL collaboration of LEP [75] has also reported evidence of a B∗∗s state with mass
mB∗∗s = 5853± 15 MeV (135)
and width
Γ(B∗∗s ) = 47± 22 MeV . (136)
The decay widths of the states (1+, 0+), belonging to multiplet sPℓ = (1/2)
+, here referred to as P1
and P0, are expected to be saturated by the single pion channels [18, 17]: P0 → Pπ and P1 → P ∗π.
Therefore these transitions are controlled by the coupling constant h of eq. (2.71). In the mQ →∞ limit
one obtains
Γ(P0 → P+π−) = Γ(P1 → P ∗+π−) = 1
2π
(
h
fπ
)2
(δms)
3 (137)
where δms is the mass splitting of the states S with respect to the ground state H . From estimates based
on quark model [76, 77] and QCD sum rules [78, 79] computations of the masses of these states, one has
∆ = 500± 100 MeV. We notice that this mass splitting agrees rather well with the experimental result
in the B sector, given in eq. (133).
On the other hand, the formula (137) is of limited significance, especially for the case of charm, due to
the large 1/M corrections coming from the kinematical factors. Keeping M finite, the formulas become:
Γ(P0 → P+π−) = 1
8π
G2P∗∗Pπ
[
(M2P0 − (MP +mπ)2)(M2P0 − (MP −mπ)2)
] 1
2
2M3P0
. (138)
Γ(P1 → P ∗+π−) =
G2P1P∗π
8π
[
(M2P1 − (MP∗ +mπ)2)(M2P1 − (MP∗ −mπ)2)
] 1
2
2M3P1
×
× 1
3
(
2 +
(M2P1 +M
2
P∗)
2
4M2P1M
2
P∗
)
. (139)
For the B system the coupling constants GP∗∗Pπ and GP1P∗π are defined by the strong amplitudes:
GB∗∗Bπ = < π
+(q) Bo(q2)|B∗∗+(q1) > (140)
GB1B∗π = < π
+(q) Bo∗(q2)|B+1 (q1) > (141)
where B∗∗ and B1 denote the 0
+ and the 1+ states in the sPℓ = (1/2)
+ doublet. Analogous definitions
are understood for the D’s. In the infinite mass limit, GP∗∗Pπ and GP1P∗π coincide. The amplitude
GB∗∗Bπ is related to the strong coupling constant h appearing in the heavy-light chiral lagrangian (71)
by the formula:
GB∗∗Bπ = −
√
MBMB∗∗
M2B∗∗ −M2B
MB∗∗
h
fπ
. (142)
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In the limit mb →∞ one has:
MB = mb + ω +O
(
1
mb
)
MB∗∗ −MB = δms + O
(
1
mb
)
(143)
GB∗∗Bπ ≃ −2h
fπ
mb δms (144)
and one recovers eq. (137).
Differently from the decays of the positive parity states having sPℓ = (1/2)
+, the single pion transitions
of the sPℓ = (3/2)
+ particles, here denoted P2 and P
′
1, occur with the final pion in D-wave. The decay
rates for these transitions are given by [18, 17]:
Γ(P 02 → P+π−) =
1
15π
MP
MP2
h′2
Λχ
2
|~pπ|5
fπ
2 (145)
Γ(P 02 → P ∗+π−) =
1
10π
MP∗
MP2
h′2
Λχ
2
|~pπ|5
fπ
2 (146)
Γ(P ′01 → P ∗+π−) =
1
6π
MP∗
MP2
h′2
Λχ
2
|~pπ|5
fπ
2 , (147)
where the strong coupling h′ is given by:
h′ = h1 + h2 , (148)
in terms of the parameters h1 and h2 of eq. (72). From the previous equations, one finds the following
prediction in the D system:
Γ(D02 → D+π−)
Γ(D02 → D∗+π−)
= 2.7 (149)
in good agreement with the experimental result [45], 2.4± 0.7.
To get numerical results for the rates given in eqs. (138), (139) and (145-147), one should specify the
relevant coupling constants. The parameter GP∗∗Pπ has been evaluated in the framework of QCD sum
rules, by means of two independent methods [80]. The first method, based on the single Borel transform
of an appropriate correlator evaluated in the soft pion limit, gives the results:
GB∗∗Bπ = 13.3± 4.8 GeV (150)
GD∗∗Dπ = 11.5± 4.0 GeV . (151)
We observe substantial violations of the scaling law GD∗∗Dπ/GB∗∗Bπ ≈ mc/mb.
In the limit M →∞ we obtain, from the asymptotic (mb →∞) limit of the sum rule:
h = − 0.52± 0.17 . (152)
The second method is based on the light-cone sum rules [81, 82, 60, 83]. One obtains [80]:
GB∗∗Bπ = 21± 7 GeV (153)
GD∗∗Dπ = 6.3± 1.2 GeV (154)
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A two-parameter fit of the above results in the form
h(m) = h (1 +
σ
m
) (155)
gives for h (see eq. (142) the result:
h = −0.56± 0.28 (156)
and for the parameter σ, σ = 0.4± 0.8 GeV .
The values of h found by the two methods agree with each other. As for the finite mass results, the
two methods sensibly differ (almost a factor of 2) in the case of the charm, while the deviation is less
important for the case of beauty (around 40%). These differences should be attributed to corrections to
the soft pion limit that have been accounted for by the sum rule based on a light-cone expansion.
Using GD∗Dπ = 6.3 ± 1.2 GeV , GB∗Bπ = 21 ± 7 GeV , and ∆D = ∆B = 500 MeV , from eq. (138)
one finds
Γ(D0 → Dπ) ≃ 180MeV (157)
Γ(B0 → Bπ) ≃ 360MeV . (158)
There is no direct information on the coupling GP1P∗π. In the infinite-mass limit it coincides with
GP∗∗Pπ and, in order to estimate the widths of the 1
+ states, we assume that this equality holds for
finite mass as well. From eq.(139) we obtain:
Γ(D1 → D∗π) ≃ 165MeV (159)
Γ(B1 → B∗π) ≃ 360MeV . (160)
Also in this case we have takenMP1−MP∗ = 500 MeV (P = B,D) as suggested by HQET considerations.
To estimate the strong coupling constant h′/Λχ , one can make use of the total decay width of
eq. (131), Γtot(D2(2460)) = 21 ± 5 MeV. Assuming that only two body decays are relevant, one gets
h′/Λχ ≈ 0.55 GeV−1. From this result and from eq. (147) one obtains for the state D˜01 the total width
Γtot ≈ 6 MeV to be compared with the experimental width of the other narrow state observed in the
charm sector, Γtot(D1(2420)) = 18±5 MeV, also given in eq. (132). This discrepancy could be attributed
to a mixing between the D1 and the D˜1 states [84]. If α is the mixing angle, we have
sin2(α) ≈ 12MeV
Γ(D1)− Γ(D˜1)
≃ 0.08 (161)
and therefore one gets the estimate α ≈ 16o [80]. This determination agrees with the result of Kilian et
al. in ref.[18].
In ref. [17] the decay rates for the transitions of the (1+, 2+) states with the emission of two pions,
D∗∗ → D(∗)ππ, have also been estimated. They appear to be suppressed with respect to the single pion
rates.
In the B sector, the recently observed positive parity states B∗∗, whose average mass and width are
given in eqs. (133) and (134), can be identified with the two doublets (2+, 1+) and (1+, 0+). To compare
previous estimates with the data, we average the widths of the (1+, 0+) multiplet, eqs. (158) and (160),
with those of the 2+ and 1+ states, obtained from eq. (145-147):
Γtot(B2) ≃ 12 MeV
Γtot(B˜1) ≃ 10 MeV
(162)
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It is difficult to perform a detailed comparison of these results with the yet incomplete experimental
outcome. However, assuming that the result obtained by LEP collaborations in the B system represents
an average of several states, and neglecting a possible mixing between the states B1 and B˜1 (a 1/M
effect), the experimental width is compatible with the previous estimate.
Finally, the total width in eq. (136) can be interpreted as connected to the decay B∗∗s → BK, B∗K.
Assuming again that the width is saturated by two-particle final states, and using MB∗∗s = 5853 MeV ,
we obtain:
Γ(B∗∗s (0
+)) ≃ 280MeV (163)
Γ(B∗∗s → B∗K) ≃ 200MeV (sℓ)P = (1/2)+ (164)
Γ(B∗∗s (1
+)) ≃ 0.45MeV (sℓ)P = (3/2)+ (165)
Γ(B∗∗s (2
+)) ≃ 1.4MeV . (166)
Also in this case a detailed comparison with the experimental results cannot be performed without more
precise measurements; we observe, however, that the computed widths of the different B∗∗s states are
generally smaller than the corresponding quantities of the B∗∗ particles, a feature which is reproduced
by the experiment.
4 B → D decays and chiral dynamics
One of the most important applications of the heavy quark symmetry is the analysis of the exclusive
semileptonic decays B → Dlνl and B → D∗lνl. We shall here give a brief summary of this extensively
studied subject: for more details see for instance [8] and references therein.
In the symmetry limit, i.e. infinite D and B masses, the six form factors generally needed to param-
eterize the matrix elements < D(∗)(v′)|Jµ|B(v) > (v, v′ velocities) reduce to a single function ξ(v · v′),
the Isgur-Wise function. One finds [2]:
< D(v′)|c¯γµb|B(v) > =
√
MBMDξ(v · v′)(v + v′)µ
< D∗(v′, ǫ)|c¯γµb|B(v) > =
√
MBMDiξ(v · v′)ǫµναβǫ∗νv′αvβ
< D∗(v′, ǫ)|c¯γµγ5b|B(v) > =
√
MBMDξ(v · v′)
[
(1 + v · v′)ǫ∗µ − (ǫ∗ · v)v′µ
]
. (167)
Various calculations of the Isgur-Wise function exist in the literature; they use different non-perturbative
approaches, such as QCD sum rules [85] or lattice QCD [86]. A review of these results would be outside
the scope of the present report, and we refer the interested reader to the literature.
At the symmetry point, i.e. v = v′, the normalization of the Isgur-Wise function is known: ξ(1) = 1.
This is a consequence of the conservation of the vector current Jµ = h¯′vγµhv = h¯
′
vvµhv and allows a model
independent determination of the CKM matrix element Vcb from semileptonic heavy to heavy decays by
extrapolating the lepton spectrum to the endpoint v = v′.
Of special interest for this determination is the decay B → D∗lν, since there are no 1/mQ corrections
for the axial form factor A1, dominating the decay rate, at the symmetry point. This is the content of the
Luke’s theorem [9]. A simple proof of this important result has been presented by Lebed and Suzuki [9].
Luke’s theorem is an extension to the spin-flavour symmetry of the Ademollo-Gatto theorem [88], which
was originally stated for the SU(3) flavour symmetry of light quarks and refers to the matrix element of
the vector current between states belonging to the same SU(3) multiplet at q2 = 0. The statement is that
matrix elements of a charge operator, i.e. a generator of the symmetry, can deviate from their symmetry
values only for corrections of the second order in symmetry breaking. In the case of semileptonic decays
B → D(D∗)lν, the only form factor protected by this theorem against 1/mQ corrections at the symmetry
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point v = v′ is A1, dominating the decay B → D∗lν at v = v′. In practice, Luke’s theorem reduces to
the result:
MB +MD∗
2
√
MBMD∗
A1(q
2
max) = ηA + δ1/m2 (168)
where ηA = 1 if strong radiative corrections are neglected.
The 1/m2Q corrections at the point v = v
′ have been estimated [87]: a combined analysis [89] gives
a correction to ξ(1): δ1/m2 = −(5.5± 2.5)%. Also leading and subleading QCD corrections arising from
virtual gluon exchange have been computed: see for instance [8].
Experimental measurements close to v = v′ suffer of large errors, due to the smallness of the phase
space: high statistics is needed to reduce the uncertainty in the extrapolation of the lepton spectrum
to this point: nevertheless, the exclusive semileptonic decay B → D∗lνl can provide a rather precise
measurement of the element Vcb of the CKM matrix, complementary to the analysis of the inclusive
semileptonic decay rate.
The HQET has also been used to investigate the semileptonic decay of a B meson into an excited
charm meson D(sℓ,l) [90], where sℓ is the total angular momentum of the light degrees of freedom and l
the corresponding orbital angular momentum of the charm meson (sℓ = l ± 1/2). At the leading order,
the matrix element
< D(sℓ,l)(v′)|Jµ|B(v) > (169)
appearing in the semileptonic transition is described by a single form factor ξ(sℓ,l)(v · v′): the Isgur-Wise
function for the B → D(∗) transitions is the function ξ(1/2,0) ≡ ξ; for the P -wave heavy mesons we have
ξ(3/2,1) ≡ τ3/2 and ξ(1/2,1) ≡ τ1/2; they have been computed by QCD sum rules in [79], and by constituent
quark models in [77].
4.1 Chiral corrections
Violations to SU(3) symmetry can be computed by means of the effective heavy meson chiral lagrangian.
To estimate the size of the chiral corrections, it is common practice, as we have stressed already, to
retain only the non-analytic terms arising from chiral loops. Moreover when the subtraction scale µ is of
order of the chiral symmetry breaking scale Λχ ≈ 1 GeV , the coefficients of the higher order terms do
not contain large logarithms, and therefore the numerical estimates are carried out at this scale.
Chiral perturbation theory has been used to compute the leading corrections to the form factors for
B → D(D∗) semileptonic decays, arising from the chiral loops of figure 1. The dominant corrections at
zero recoil, i.e. v = v′, are of special interest and have been computed in [91, 92]. According to Luke’s
theorem, these corrections appear at the order 1/m2Q. This class of corrections should not be confused
with those coming from the 1/m2Q terms present in the effective lagrangian or in the current: the 1/mQ
terms in the lagrangian, in particular the one responsible for the hyperfine mass splitting P ∗ − P and
the one giving the splitting between the couplings gD and gB, generate at one-loop 1/m
2
Q non-analytic
corrections. The effect of the gB and gD splitting has been neglected in [91, 92]. For instance, the
B → D(∗) matrix element at the recoil point v = v′, as computed by the formulas of appendix A, is [92]
< D(v)|J c¯bµ |B(v) > = 2vµ
[
1 + C(µ)/m2c+
− 3g
2
2
(
∆c
4πf
)2 [
f(∆c/mπ) + log(µ
2/m2π)
]]
< D∗(v, ǫ)|J c¯bµ |B(v) > = 2ǫ∗µ
[
1 + C′(µ)/m2c+
− g
2
2
(
∆c
4πf
)2 [
f(−∆c/mπ) + log(µ2/m2π)
]]
(170)
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Figure 1: Diagrams for the calculation of one-loop chiral corrections to the B → D(∗) transition matrix
element. The box represents the b→ c weak current, the dashed line a light pseudoscalar.
where C and C′ stand for tree level counter-terms and
f(x) =
∫ ∞
0
dz
z4
(z2 + 1)3/2
(
1
[(z2 + 1)1/2 + x]2
− 1
z2 + 1
)
. (171)
In (170) only the dependence on ∆c =MD∗ −MD has been kept, discarding the ∆b terms and those
proportional to the gB − gD splitting. Numerically, for µ = 1 GeV and g = 0.38, the correction from the
logarithmically enhanced term in (170) is −0.6%, and the correction from f(x) is 0.3%.
A complete calculation of the 1/mQ and SU(3) breaking corrections to the Ba → D(∗)a lνl process
has been performed in [93]. This analysis includes non-analytic terms arising from chiral loops and the
analytic counterterms, but it lacks predictive power due to the introduction of many unknown effective
parameters.
In the SU(3) limit, the Isgur-Wise function is independent of light quark flavor of the initial and final
mesons, i.e.
ξu = ξd = ξs , (172)
where ξu,d,s is the Isgur-Wise function occurring respectively in Bu,d,s decays. In [94, 91] the leading
corrections to the equality (172) have been computed in chiral perturbation theory, giving [91]
ξs(v · v′)
ξu,d(v · v′) = 1 +
g2Ω(v · v′)
16π2f2π
[
m2K log
(
m2K/µ
2
)
+
1
2
m2η log
(
m2η/µ
2
)− 3
2
m2π log
(
m2π/µ
2
)]
(173)
where
Ω(x) = −1 + 2 + x
2
√
x2 − 1 log
(
x+ 1 +
√
x2 − 1
x+ 1−√x2 − 1
)
+
x
4
√
x2 − 1 log
(
x−√x2 − 1
x+
√
x2 − 1
)
. (174)
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In (173) the analytic counterterms are neglected. Numerically, the nonanalytic chiral correction is a
few percent.
We mention here another calculation in the framework of the heavy meson chiral perturbation theory,
the ratio of the parameters BBs and BB , entering in the analysis of B(s) − B¯(s) mixing and defined as:
< B¯(v)|b¯γµ(1 − γ5)d b¯γµ(1− γ5)d|B(v) > = 8
3
f2BBB (175)
< B¯s(v)|b¯γµ(1− γ5)s b¯γµ(1− γ5)s|Bs(v) > = 8
3
f2BsBBs (176)
In the chiral symmetry limit BBs/BB = 1. For non-zero strange quark mass, the ratio is no longer
equal to 1, and the one loop chiral corrections, arising from the diagrams of figure 2, are [95]:
BBs
BB
= 1− 2
5
(
1− 3g2)
16π2f2π
[
m2K log
(
m2K/µ
2
)
+
+
1
2
m2η log
(
m2η/µ
2
)− 3
2
m2π log
(
m2π/µ
2
)]
(177)
Using µ = 1 GeV and g ≃ 0.38 the previous formula gives BBs/BB ≃ 1.03.
Figure 2: Diagrams appearing in the calculation of one-loop chiral corrections to the B− B¯ mixing. The
self-energy diagrams are not shown. The dot represents the ∆B = 2 operator
4.2 The B → D(∗)πlνl decay
Another application of the chiral lagrangian can be found in the semileptonic decays of B into a charmed
meson with the emission of a single soft pion, i.e. B → D(∗)πlνl. The phenomenological heavy-to-heavy
leading current [6]:
Jcbµ = −ξ(v · v′) < H¯(c)a γµ(1− γ5)H(b)a > (178)
does not depend on the pion field, and therefore the amplitude with emission of a single pion is dominated
by pole diagrams, where the pion is emitted by the initial B or the final D(∗), and is proportional to
the coupling g. The two diagrams are shown in figure 3. These decays might be used to determine the
)( 
*D
piν
l
B
pi
)( 
*DB
l
ν
Figure 3: Pole diagrams for the B → D(∗)πlνl decay. The square represents the b→ c current, the dashed
line is the pion
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value of g, or even to test the heavy quark flavour symmetry prediction for the D∗Dπ and B∗Bπ vertices
gB = gD = g. Moreover these processes may give indications on resonance effects.
The chiral calculation is reliable only in the kinematical region of soft pions. In the decay B → Dπlνl,
the soft pion domain is a large fraction due to the inclusion of the cascade decay B → D∗lνl → Dπlνl.
This process has been treated by various authors [96, 97, 98], and the analysis has been extended to
B → D∗πlνl in [99, 97, 100]: in [100], in addition to the ground state mesons D,D∗, B and B∗, also the
contribution of the low-lying positive parity 0+ and 1+ resonances and some radially excited states is
estimated.
4.3 The heavy-to-light effective current
The weak current for the transition from a heavy to a light quark, Q → qa, is given at the quark level
by q¯aγµ(1 − γ5)Q; when written in terms of a heavy meson and light pseudoscalars [10], it assumes the
form, at the lowest order in the light meson derivatives,
Lµa =
iFˆ
2
< γµ(1− γ5)Hbξ†ba > . (179)
This operator transforms as (3¯L, 1R) under SU(3)L × SU(3)R, i.e. analogously to the quark weak
current, and is uniquely defined at this order in the chiral expansion.
From the definition of decay constant of a heavy meson P
< 0|q¯aγµγ5Q|Pb(p) >= ipµfPaδab (180)
one gets
fPa =
Fˆ√
MP
. (181)
We note that in the infinite quark mass limit, MPa → mQ, and there is no dependence on the light
flavour. The previous formula shows the 1/
√
mQ scaling of the heavy meson leptonic decay constant in
the mQ →∞ limit, and its light-flavour independence in the chiral limit (we neglect the small logarithmic
dependence of Fˆ on mQ). In section 3.1.2 we have already discussed the various determinations of Fˆ , see
eqs. (97), (98).
Higher derivative, spin breaking, and SU(3) breaking current operators are written explicitly in [35]:
their introduction adds many unknown effective parameters, and they correct the leading behaviour (181).
Lattice calculation [101] and QCD sum rules [62, 73] indicate that the 1/mQ corrections are sizeable at
least for fD.
The current describing weak interactions between pseudoscalar Goldstone bosons and the positive
parity S fields is introduced in a similar way:
Lˆµa =
iFˆ+
2
< γµ(1− γ5)Sbξ†ba > (182)
The analysis done in [79], based on QCD sum rules, gives for Fˆ+:
Fˆ+ ≃ 0.46 GeV 3/2 . (183)
The current describing the interaction of the H fields with the light vector mesons, is, at the lowest
order in the derivatives:
Lµ1a = α1 < γ
ρ(1 − γ5)Hbvρ(ρµ − V µ)bcξ†ca > +
+ α2 < γ
µ(1− γ5)Hbvρ(ρρ − V ρ)bcξ†ca > +
+ α3 < γ
ρ(1 − γ5)Hbvµ(ρρ − Vρ)bcξ†ca > . (184)
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The current (184) is of the next order as compared to the currents (179) and (182), and does not
contribute to the leptonic decay constant fP . As we shall see below, the term in (184) proportional to α1
contributes in a leading way to the A1 form factor in the P → ρ semileptonic matrix element, while the
terms proportional to α2 and α3 contribute to the A2 form factors, but they are subleading with respect
to the pole diagram contribution.
We observe that there is no similar coupling between the fields T µ, defined in (24) and ξ. Indeed
(179) and (182) also describe the matrix element between the meson and the vacuum, and this coupling
vanishes for the 1+ and 2+ states having sl = 3/2. This can be proved explicitly by considering the
current matrix element (Aµ = qaγ
µγ5Q):
< 0|Aµ|D˜1 >= f˜ ǫµ , (185)
where D˜1 is the 1
+ partner in the sl = 3/2 multiplet. Using the heavy quark spin symmetry, (185) turns
out to be proportional to the matrix element of the vector current between the vacuum and the 2+ state,
which vanishes.
4.4 Chiral corrections for fPs/fP
In the chiral limit, the leptonic decay constant does not depend on the light flavour, i.e.
fPs
fP
= 1 . (186)
As discussed in section (3.2), one can obtain an estimate of the SU(3) violations by computing the
non-analytic terms arising from the chiral loops.
The one-loop diagrams contributions to the leptonic decay constant fP are shown in fig. 4, and have
been computed in [95, 91], keeping only the “log-enhanced” terms of the form m2 log(m2/µ2). For the
ratio fDs/fD one has:
fDs
fD
= 1− 1
32π2f2π
[
m2K log(
m2K
µ2
) +
1
2
m2η log(
m2η
µ2
)− 3
2
m2π log(
m2π
µ2
)
]
(1 + 3g2) . (187)
The corrections proportional to g2 arise from the self-energy diagrams, fig. 4b, while the diagram 4c
gives the g-independent corrections. The diagram 4d, linear in g, vanishes at the leading order in 1/mQ.
Using g ≃ 0.38 in (187), one gets fDs/fD ≃ 1.11. The excited positive parity heavy mesons contribute
to SU(3) violating effects as virtual intermediate states in chiral loops. In Ref.[102] the “log-enhanced”
terms due to these excited-state loops have been computed: some of them are proportional to h2 and
others depend linearly on h, h being the coupling of the vertex P ∗∗Pπ. In [102] it has been pointed out
that these terms could be numerically relevant and could invalidate the chiral estimate based only on the
states D and D∗; as discussed in section 3.4 the coupling h is estimated by QCD sum rules in [80], with
the result h ≃ −0.5, see eqs. (152, 156), where a more accurate chiral computation of the ratio fDs/fD
is performed. We present here some details of the calculation: the vertices and the integrals needed for
the loop integration can be found respectively in appendices A and B.
The self-energy diagrams 4b give the following wave function renormalization factors:
ZD = 1− 3g
2
16π2f2π
[
3/2C1(∆D∗D,∆D∗D,mπ) + C1(∆D∗sD,∆D∗sD,mK) +
1
6
C1(∆D∗D,∆D∗D,mη)
]
+
h2
16π2f2π
[3/2C(∆P0P ,∆P0P ,mπ) + C(∆P0sP ,∆P0sP ,mK)+
+
1
6
C(∆P0P ,∆P0P ,mη)
]
(188)
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Figure 4: Diagrams for the calculation of one-loop chiral corrections to the heavy meson leptonic decay
constant fP . The box represents the b→ q weak current, the dashed line a light pseudoscalar.
ZDs = 1−
3g2
16π2f2π
[
2C1(∆D∗Ds ,∆D∗Ds ,mK) +
2
3
C1(∆D∗D,∆D∗D,mη)
]
+
h2
16π2f2π
[
2C(∆P0Ps ,∆P0Ps ,mK) +
2
3
C(∆P0P ,∆P0P ,mη)
]
(189)
where the mass splittings ∆P∗P = MP∗ − MP , ∆P∗Ps = MP∗ − MPs , and ∆P∗s P = MP∗s −MP areO(1/mQ), while the mass splittings ∆P0P =MP0 −MP , ∆P0sP =MP0s −MP , and ∆P0Ps =MP0 −MPs
between excited and ground states are finite in the limit mQ →∞.
The functions C1 and C come from the loop integration and are defined in appendix B (here we use
∆ˆ = 0).
The diagram 4c gives the same contribution as in (187), while the diagram 4d is linear in h (the
analogous term proportional to g vanishes), and proportional to Fˆ+: combining all the diagrams one
obtains [80]:
fD =
Fˆ√
MD
[
1− 1
32π2f2π
[
3
2
m2π log(
m2π
µ2
) +m2K log(
m2K
µ2
) +
1
6
m2η log(
m2η
µ2
)
]
− 3g
2
32π2f2π
[
3
2
C1(∆D∗D,∆D∗D,mπ) + C1(∆D∗sD,∆D∗sD,mK) +
1
6
C1(∆D∗D,∆D∗D,mη)
]
+
h2
32π2f2π
[
3
2
C(∆P0P ,∆P0P ,mπ) + C(∆P0sP ,∆P0sP ,mK) +
1
6
C(∆P0P ,∆P0P ,mη)
]
+
Fˆ+
Fˆ
h
16π2f2π
[
3
2
C(∆P0P , 0,mπ) + C(∆P0sP , 0,mK) +
1
6
C(∆P0P , 0,mη)
]]
(190)
fDs =
Fˆ√
MD
[
1− 1
32π2f2π
[
2m2K log(
m2K
µ2
) +
2
3
m2η log(
m2η
µ2
)
]
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− 3g
2
32π2f2π
[
2C1(∆D∗Ds ,∆D∗Ds ,mK) +
2
3
C1(∆D∗D,∆D∗D,mη)
]
+
h2
32π2f2π
[
2C(∆P0Ps ,∆P0Ps ,mK) +
2
3
C(∆P0P ,∆P0P ,mη)
]
+
Fˆ+
Fˆ
h
16π2f2π
[
2C(∆P0Ps , 0,mK) +
2
3
C(∆P0P , 0,mη)
]]
. (191)
From the previous formulas, using ∆P0P = 0.5 GeV , µ = 1, Fˆ
+ = 0.46 GeV 3/2 and Fˆ = 0.30 GeV 3/2,
one gets numerically:
fD =
Fˆ√
MD
(
1 + 0.09 + 0.003g2 − 0.33h2 − 1.00h) (192)
fDs =
Fˆ√
MD
(
1 + 0.17 + 0.59g2 − 0.66h2 − 1.15h) . (193)
In the previous formulas we have kept only the leading order in the 1/mQ, i.e. we have put ∆D∗D = 0
in (190) and (191).
It is found that the terms O(h2) and O(h), while important, tend to cancel out in (192, 193) and that
the ratio of leptonic decay constants is numerically the same as obtained from (187):
fDs
fD
≃ 1.10 . (194)
These values are obtained by using g = 0.38 and h = −0.5.
The formula (187) is valid at the leading order in 1/mQ, and in this limit it is the same for B and D
systems. In other terms, the double ratio R1
R1 =
fBs/fB
fDs/fD
(195)
is equal to 1 in the chiral limit and in the heavy quark limit, separately. To see how R1 deviates from
unity one has to take into account the 1/M terms in the chiral effective lagrangian and in the effective
current. As discussed in [35], four new parameters contribute at the order 1/mQ to the leptonic decay
constants: two of them, ρ1 and ρ2, come from the 1/mQ terms in the current as
Lµa =
iFˆ
2
(1 +
ρ1
MP
) < γµ(1− γ5)Hbξ†ba > +
+
iFˆ
2
ρ2
MP
< γαγ
µ(1− γ5)γαHbξ†ba > (196)
and they modify the leptonic decay constants as follows
√
MP fP = Fˆ
(
1 +
ρ1 + 2ρ2
MP
)
√
MP fP∗ = Fˆ
(
1 +
ρ1 − 2ρ2
MP
)
. (197)
The two parameters ρ1 and ρ2 can be related to the HQET matrix elements GK and GΣ defined in
eq. (125), and estimated by QCD sum rules in [62, 73].
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The other two couplings, g1 and g2, have been already introduced in (48), and they parameterize the
1/M corrections to the couplings gP∗Pπ and gP∗P∗π:
gP∗P∗π = g +
1
MP
(g1 + g2) (198)
gP∗Pπ = g +
1
MP
(g1 − g2) . (199)
For the chiral correction to the double ratio R1, neglecting as usual the analytic counterterms, only
the quantity g1 − g2, i.e. the 1/MP correction to gP∗Pπ, is relevant, and one gets [35]
R1 − 1 = −0.11g2 − 0.06 g(g1 − g2) GeV −1 . (200)
5 Heavy-to-light semileptonic exclusive decays
Most of the known CKM matrix elements have been determined using semileptonic decays. In particular,
from semileptonic B decays one can extract Vcb and Vub.
The extraction of the value of Vcb from the exclusive process B → D∗lνl has been studied in the
HQET context, and we mentioned it before. The situation for Vub is apparently more uncertain, both for
the inclusive and the exclusive semileptonic rates. Its determination is one of the most important goals
in B physics, but it involves great experimental and theoretical difficulties. At the moment there is a
safe experimental evidence for b→ u transitions, and experimental data on the B → πlνl and B → ρlνl
exclusive processes have been presented by the CLEO II collaboration [103].
The interpretation of the inclusive b→ u semileptonic rate is difficult because of the dominant b→ c
background: to eliminate it, one works beyond the end-point region of the lepton momentum spectrum
for b → c processes. This is a very small fraction of the phase space, where theoretical inclusive models
have relevant uncertainties.
Predictions for the exclusive channels B → Xulνl are also model dependent, and here HQET is much
less useful than in the B → D process, because of the presence of a light meson in the final state. We
shall show in the following sections how to relate B → πlνl to D → πlνl, and B → ρlνl to D → ρlνl, in
the b and c infinite mass limit. The main problem of this approach are the 1/mc corrections, potentially
relevant and not under control.
The effective lagrangian approach can shed light on these semileptonic decays and can give indications
on the values of the relevant form factors at the zero recoil point. In order to extract information from
the experimental data the complete q2 dependence of the form factors is required, which goes beyond the
chiral lagrangian approach. For this reason external inputs, either phenomenological or purely theoretical,
are required, and, in the next section, we shall discuss this issue in some details.
5.1 Form factors
We introduce now form factors that parameterize the hadronic matrix elements of the weak currents.
In the case of semileptonic decays, P → P ′lνl (P , P ′ pseudoscalar mesons) there is no contribution
from the axial-vector part of the current and the matrix element can be written as
< P ′(p′)|V µ|P (p) >= [(p+ p′)µ + M2P ′ −M2P
q2
qµ
]
F1(q
2)− M
2
P ′ −M2P
q2
qµF0(q
2) (201)
where Vµ = q¯
′γµQ and q = p− p′. There is no singular behaviour at q2 = 0 because F1(0) = F0(0).
The form factor F1(q
2) can be associated, in a dispersion relation approach, to intermediate states
with quantum numbers JP = 1−, and F0(q
2) to states with JP = 0+. In the limit of massless lepton,
the terms proportional to qµ in (201) do not contribute to the rate, so that only the form factor F1(q
2)
is relevant.
36
For the pseudoscalar to vector matrix elements also the axial-vector current contributes and four form
factors are required:
< V (ǫ, p′)| ( V µ −Aµ)|P (p) >= 2V (q
2)
MP +MV
ǫµναβǫ∗νpαp
′
β
+ i(MP +MV )
[
ǫ∗µ − ǫ
∗ · q
q2
qµ
]
A1(q
2)
− i ǫ
∗ · q
(MP +MV )
[
(p+ p′)µ − M
2
P −M2V
q2
qµ
]
A2(q
2)
+ iǫ∗ · q 2MV
q2
qµA0(q
2) , (202)
where
A0(0) =
MV −MP
2MV
A2(0) +
MV +MP
2MV
A1(0) . (203)
Neglecting the lepton mass, only the form factors V (q2), A1(q
2) and A2(q
2) contribute to the decay
rate. The form factors A1 and A2 can be associated to J
P = 1+ intermediate states, and V to JP = 1−
states.
The form factor dependence on q2 is still an open question, and, at the present time, there is no
general theoretical agreement. Quark model calculations are based on meson wave functions, generally
derived by some wave equation, and make use of them to compute hadronic matrix elements. These
calculations are normally reliable only at some specific value of q2, and the dependence on the variable
q2 has to be assumed as an additional hypothesis. The physical region for semileptonic decays covers the
range 0 ≤ q2 ≤ q2max = (MP −mπ)2 (in the limit of massless leptons). Close to q2max, the form factors
should be dominated by the nearest t-channel pole, located at the mass of the lightest heavy meson
exchanged in that channel.
With decreasing q2, the influence of the pole becomes weaker: in a dispersion relation the form factor
can be written as a P ∗ pole contribution (P ∗ nearest pole for that channel) plus a continuum contribution,
that, in the narrow width approximation, reduces to a sum over higher resonances Pn. We can therefore
write, e.g., for the form factor F1:
F1(q
2) =
fP∗gPP∗π
q2 −M2P∗
+
∑
n
fPngPPnπ
q2 −M2Pn
, (204)
where gPP∗π is the trilinear coupling among P , P
∗ and π. In the combined limit mπ → 0, MP → ∞,
the P ∗ pole contribution goes like M
1/2
P when q
2 → M2P (gPP∗π ∼ MP ), while the higher resonances
contributions go only like M
−1/2
P , as they do not become degenerate with the P in the heavy mass limit.
But far away from the kinematical end point q2max, many resonances can in general contribute to the
form factors. This observation leads to two-component models for the form factors [12]. In [104] it is
shown that the form factors for B → π semileptonic decay are dominated by the B∗ pole at all q2 in
two-dimensional planar QCD; it remains to be seen if such dominance hold also in four dimensions.
The nearest pole-dominance on the whole q2 range, i.e.
F (q2) =
F (0)
1− q2/M2pole
(205)
should therefore be taken as an additional assumption in building models, as done for instance in the
popular BSW model [105]. Other dependences can be found in the literature; for example in the ISGW
model [106], which is expected to work well close to q2max, the extrapolation to lower q
2 is done by an
exponential dependence for the form factors. It is important to stress that in general predictions for the
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widths are not sensitive to the assumed dependence only when the available range in q2 is not large, as
in D decays: for B decays into light mesons, as B → π(ρ)lνl, different form factor behaviours can lead
to different predictions.
Experimentally, only the decay D0 → K−e+νe allows at the moment a study of the q2 dependence of
the form factor F1. The data are compatible with the pole form (205), but the precision is still poor. The
value of the pole mass, as fitted by the data, is compatible with the D∗s mass, and the intercept F1(0) is
[45]
FDK1 (0) = 0.75± 0.03 . (206)
The Cabibbo-suppressed decay D → πlνl suffers from poor statistics: MARK III and CLEO II data,
extracted with the pole-dominance hypothesis, give[45]:
FDπ1 (0)
FDK1 (0)
= 1.0+0.3−0.2 ± 0.04 MARK III
= 1.3± 0.2± 0.1 CLEO II . (207)
Theoretically, QCD sum rules allow to compute the q2 dependence of the form factors, except when
close to q2max. The analyses performed in [107, 108, 109, 110, 111, 112] are generally compatible with
nearest pole dominance for the vector current form factor, F1 and V : for the axial form factors, A1 and
A2, there are discrepancies among the different calculations. In [113, 108], the form factor A
B→ρ
1 has an
unexpected behaviour, decreasing from q2 = 0 to q2 = 15 GeV 2: for AB→ρ2 , a moderate increase in q
2 is
found, at least up to q2 ≃ 15 GeV 2. For higher values of q2 the estimate is unreliable. Such a behaviour is
the result of cancellations among large terms, and therefore can suffer from relevant uncertainties. Also,
in [112] the form factor A1 decreases with q
2, while A2 can be fitted by a pole formula. Light-cone sum
rules [110] show, on the contrary, an increasing A1, with a dependence close to the pole behaviour, and
a steeper increase for V .
Current lattice QCD simulations cannot study directly the b quark, because its mass is above the
UV cut-off. Quantities are computed around the charm scale, and then extrapolated up to the b mass
using the Isgur-Wise scaling relations [51]. With this strategy, suggested in [114], one is forced to make
assumptions on the q2-dependence at the b scale, because the extrapolation pushes the q2 value towards
q2max. For D meson form factors, the determination of q
2 dependence is still poor, but compatible with
pole dominance [115, 116]. Preliminary lattice computations of the q2 dependence of the form factors
F1 and F0 in B → πlνl [117], and A1 in B → ρlνl [118], seem to favor a dipole/pole fit for F1 and F0
respectively, and a pole behaviour for A1: the data have however large uncertainties, and will be improved
by working with heavier quark masses and by using larger lattices.
An additional constraint to the form factor q2 dependence is provided by nonleptonic heavy meson
decays. It has been shown that the commonly used form factors, when used together with the additional
hypothesis of factorization to evaluate non-leptonic decay amplitudes, do not agree with the data on B →
J/ψK(K∗) transitions [119, 120]. These non-leptonic decays can be computed, using the factorization
approximation, as functions of the leptonic decay constant fJ/ψ and the form factors F
BK
1 , A
BK∗
1 ,
ABK
∗
2 , and V
BK∗ , at q2 = M2J/ψ. The problem is to fit simultaneously the rather small ratio of vector
to pseudoscalar decay rates, Γ(B → K∗J/ψ)/Γ(B → KJ/ψ), and the large fraction of longitudinal
polarization in B → J/ψK∗.
In [121], it has been shown that the discrepancy can be eliminated allowing for a non-polar behaviour
of some form factors. Using the Isgur-Wise scaling laws, these authors compute the relevant form factors
from the experimental data on the semileptonic transitions D → K(K∗) at q2 = 0. Subsequently
they adopt for the form factors a generic dependence (1 − q2/Λ2)−n, with n = −1, 0, 1, 2. Simple-pole
dominance corresponds to n = 1. Three scenarios survive to the phenomenological analysis: the form
factors F1, A1, A2 and V can only have a dependence [nF , n1, n2, nV ] = [+1,−1, n2,+2] respectively, and
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n2 can be equal to 2, 1, 0 (with a preference for n2 = 2). Notice that A1(q
2) is linearly decreasing in these
scenarios: a similar behaviour is found also in a theoretical analysis [108], at least for q2 < 15 GeV 2.
The hypothesis that A1 is linearly decreasing on the whole range in q
2 is certainly not valid: the
form factor should have a pole at q2 =M21+ , which should affect the q
2 dependence at least close to the
zero-recoil point. In [120] it is argued that A1 should have a flatter q
2 dependence than the one predicted
by the pole dominance.
In section 5.3 we shall present a phenomenological analysis of the B → V (V light vector meson)
processes, showing that a constant A1 behaviour leads to discrepancies with the available data, when
scaling laws are used to scale the form factors from D to B systems: the situation would be even
worse for a decreasing A1. There is thus some rough suggestions for an increasing A1 with q
2, and in
section 5.3.2 a two-component model for A1, a constant term plus a pole term, is used with satisfactory
phenomenological agreement.
In any event, further theoretical and experimental studies are needed to clarify the problem of q2
dependence in the form factors.
5.2 B → π semileptonic decays
In this section we shall analyze the semileptonic exclusive decays of a heavy meson P = B, D into a light
particle belonging to the pseudoscalar octet, e.g. π.
The relevant hadronic matrix element is:
< π|q¯γµQ|P > . (208)
In absence of a knowledge of the hadronic current in terms of hadrons, various theoretical approaches
to the evaluation of (208) have been developed: potential models, for instance in [105, 106], lattice
QCD [114, 115, 116, 117], QCD sum rules [122], and the method based on the chiral and heavy quark
symmetries, that we shall review here.
In general two attitudes are possible. In the first one, that we shall call the scaling approach, one
relates the different hadronic matrix elements (208) using the spin and flavour symmetries. In this way for
instance it is possible to relate the matrix elements < π|jµ|B > and < K|jµ|D >, π and K belonging to
the same chiral multiplet, and B and D being related by heavy flavour symmetry. In the second approach,
one builds up an effective lagrangian incorporating chiral and heavy quark symmetries, and computes the
form factors within such framework. The advantage of the second approach is the possibility to include
in a rigorous way symmetry breaking corrections, at least formally. Both approaches lead to the same
results at the leading order, and require some experimental or external inputs: in the scaling approach one
starts with a known matrix element, while the effective lagrangian contains unknown couplings that are
determined by the data. As we shall see, some of these couplings have also been estimated theoretically,
and we shall review also these analyses.
5.2.1 The scaling approach
We shall discuss first the so-called Isgur-Wise scaling laws for the form factors. Let us parameterize the
hadronic matrix element as follows:
< π(pπ)|Jµ|P (pP ) >= (pπ + pP )µfPπ+ (q2) + (pP − pπ)µfPπ− (q2) (209)
where q2 = (pP − pπ)2. The Isgur-Wise relations, following from the SU(2) flavour symmetry between b
and c quarks, give [51]:
(f+ + f−) ∼ m−1/2Q
(f+ − f−) ∼ m+1/2Q . (210)
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We have neglected here the logarithms of mQ arising from perturbative QCD corrections. These scaling
laws are valid as long as v · pπ does not scale with mQ, i.e. in the kinematical regime of soft π, close to
q2max = (mP −mπ)2. In this region Eπ ≃ mπ << mQ. q2max is the no recoil point, where the final scalar
and the dilepton system are at rest.
Using the form factors F1, F0, the eqs. (210) become, including QCD corrections,
FBπ1 (q
2
max,B) =
[
αs(MB)
αs(MD)
]−6/25√
MB
MD
FDπ1 (q
2
max,D) (211)
FBπ0 (q
2
max,B) =
[
αs(MB)
αs(MD)
]−6/25√
MD
MB
FDπ0 (q
2
max,D). (212)
Eqs. (211) and (212) are valid in the mb, mc → ∞ limit. The 1/mc corrections can be large, as we
will discuss later, and can be estimated in the effective lagrangian approach.
The application of the chiral symmetry is straightforward, and, at the leading order gives:
FPπ(q2) = FPπ
′
(q2) . (213)
Here π and π′ are two arbitrary light pseudoscalar mesons, for instance π and K. We notice that (213)
is valid for any value of q2.
From the knowledge of the form factors at any value of q2 for a given decay mode one can compute
a whole class of decays as follows:
i) Using (213), one computes all the chiral-related decays. We notice that all the form factors related
by light flavour symmetry have the same q2-behaviour, but F0 and F1 can have a different behaviour.
ii) The Isgur-Wise scaling laws (211) and (213) allow to relate B and D form factors, at least close to
q2max.
iii) The strongest assumption concerns the evolution in q2 of the scaled form factors. The B decay
rates are quite sensitive to the explicit q2 dependence, while for D decays the q2-range is much
smaller.
We proceed to the computation of the form factors, widths and branching ratios for the semileptonic
decays of a heavy meson into a light scalar, following the strategy we have described. Such an approach
was followed in [14, 123] for the semileptonic decays, and in [119, 120] to compute the B → K(K∗) form
factors.
For the form factor F1 we shall assume a simple pole behaviour, which, as we have already discussed,
agrees with present experimental and theoretical evidence. As an input, we use the decay D → Klνl,
i.e. the form factor at q2 = 0 (206). For chirally-related decays, we impose the same value to the form
factors at q2 = 0. For generic q2 we have
F1(q
2) =
F1(0)
1− q2/M2P∗
. (214)
The 1− pole P ∗ can be a strange or a non-strange heavy meson, depending on the decay mode: their
mass difference ∆s =MPs −MP ≃ 100MeV is a chiral breaking effect, which we will not neglect.
Let us make some comments on the Isgur-Wise scaling law, which follows from the observation that
the matrix element < π(pπ)|Jµ|P (v) > behaves as √mQ, in the limit v · pπ << mQ → ∞. These
asymptotic scaling laws have 1/mQ corrections
< π(pπ)|Jµ|P (v) >∼ √mQ
(
1 +O
(
ΛQCD
mQ
)
+O
(
v · pπ
mQ
)
+O
(
mπ
mQ
))
, (215)
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and a number of different choices for the scaling relations are possible. They are all compatible with the
asymptotic behaviour, but differ for corrections of the type indicated in (215). Eqs. (211) and (212) is a
possible one, but other choices might be done. For instance we could have taken, for F1, neglecting QCD
corrections:
FBπ1
FDπ1
∣∣∣
(q2max)
=
√
MD
MB
MB +mπ
MD +mπ
(216)
which reduces to (211) in theMB,MD →∞ limit. Notice that the “soft scaling” (216) can lead to results
numerically different when the mass of the light final meson is not so small, as for instance in the case of
K or K∗. In these cases the differences between (211) and (216) are of the order mK/MD, or mK∗/MD.
Other possible scaling forms can be found in [119, 120]. QCD radiative corrections, written in (211,212),
are of the order of 10%: and therefore they can be neglected within our approximations.
The chiral limit, mπ → 0, presents some subtleties. In order to examine them, let us find the scaling
laws at q2 = 0, as arising from the simple-pole behaviour (214) and the asymptotic scaling at q2max. One
finds:
FBπ1
FDπ1
∣∣∣
q2=0
≃ MD
MB
∆B +mπ
∆D +mπ
FBπ1
FDπ1
∣∣∣
q2max
. (217)
In the mb,mc →∞ limit, ∆P =MP∗ −MP → 0, and one gets:
FBπ1
FDπ1
∣∣∣
q2=0
≃
√
MD
MB
. (218)
On the other hand, performing first the mπ → 0 limit in (217), one finds:
FBπ1
FDπ1
∣∣∣
q2=0
≃
(
MD
MB
) 3
2
. (219)
The contradiction between (218) and (219) means a breaking of the naive scaling laws at q2max in the
chiral limit: as shown by [51], in the limit mπ → 0 (211) becomes:
FBπ1
FDπ1
∣∣∣
q2max
≃
(
MB
MD
) 3
2
. (220)
This behaviour can be explained, as we shall see, from the polar diagram with exchange of the P ∗.
Therefore, combining (217) and (220), we find also in the chiral limit the scaling law (218), which we
shall use in the subsequent analysis.
Using (206) as an input, we get:
FBK1 (0) ≃ 0.45 . (221)
As previously discussed, the uncertainties due to scale corrections are expected to be of the ordermK/MD,
i.e. about 30 %. The uncertainties due to deviations from the polar behaviour of the form factor are
hard to estimate and essentially unknown.
We could use as an input the Cabibbo-suppressed decayD → π, which has however larger experimental
errors. The scaling uncertainties, moreover, even if probably smaller than in the case of a final K, are
expected to be of order Λ¯/MD (Λ¯ = MP −mQ) and not of order mπ/MD only; therefore they could be
really significant.
The prediction for widths and branching ratios following from (221) and chiral symmetry are reported
in table 3.
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Table 3: Predictions for semileptonic D and B decays in a pseudoscalar meson, in the scaling approach.
We have neglected the η − η′ mixing. The branching ratios and the widths for B must be multiplied for
|Vub/0.0032|2. We assume τBs = τB0 = τB+ = 1.55 ps.
Decay F1(0) BR exp. BR
D0 → π− 0.75 3.4 · 10−3 (3.9+2.3−1.2) · 10−3 [45]
D+ → η 0.31 6.9 · 10−4
Ds → η 0.61 3.2 · 10−2
Ds → K0 0.75 4.2 · 10−3
B0 → π− 0.45 2.2 · 10−4 (1.63± 0.46± 0.34) · 10−4[103]
Bs → K 0.45 2.2 · 10−4
The available experimental data shown in table 3 have large uncertainties. Concerning the B0 →
π−l+νl decay, the CLEO II collaboration [103] quotes for the branching ratio two different values, de-
pending on the model used for the detector efficiency: in the previous table 3 we have put the number
corresponding to the BSW model [105]
BR(B0 → π−l+νl) = (1.63± 0.46± 0.34) · 10−4 (222)
while the value corresponding to the ISGW model [106] is
BR(B0 → π−l+νl) = (1.34± 0.35± 0.28) · 10−4 . (223)
5.2.2 Effective lagrangian approach
We now discuss the effective chiral lagrangian approach to the semileptonic heavy-light form factors.
We have already presented the effective lagrangian that combines heavy quark and chiral symmetry
and describes the low-momentum interactions of heavy mesons with light pseudoscalars, and the chiral
representation in terms of meson fields of the weak current q¯γµ(1 − γ5)Q. In this framework one can
compute the hadronic matrix elements < π|Jµ|P (v) > in terms of the effective couplings of the lagrangian
and of the weak current, at least in the soft-pion region, i.e. close to q2max. Two diagrams contribute to
the form factors, at least in the leading order: the P ∗ pole diagram, proportional to the strong coupling
constant g, and a direct diagram, as shown in fig. 5. At the leading order in 1/mQ they give [10, 12]:
piB B*
pi
B
Figure 5: Tree diagrams for the B → π transition matrix element. The box represents the b → u weak
current, the dashed line the pion.
F1 =
gFˆ
√
MP
2fπ(v · pπ +∆P ) (224)
F0 =
Fˆ
fπ
√
MP
. (225)
42
The same relations have been obtained assuming P ∗ pole dominance in [51], and in [124], combining
PCAC and heavy quark spin symmetry. The formula (224) satisfies the asymptotic scaling (211): in the
chiral limit v · pπ → 0, however, the scaling is modified as in (220), because ∆P ∼ 1/MP . The scaling at
q2 = 0 is easily derived from (217)
FBπ1
FDπ1
∣∣∣
(q2=0)
≃
√
MD
MB
(226)
as in (218). Therefore, if we use the input D → K to fix the effective coupling gFˆ in (224), we obtain
the same results as in table 3, as expected.
Alternatively, one can take the estimates g ≈ 0.38 (99) and Fˆ = 0.30± 0.05 GeV3/2 (97), which give
FDπ1 (0) =
Fˆ g
fπ
√
MD
≃ 0.63 (227)
FBπ1 (0) =
Fˆ g
fπ
√
MB
≃ 0.38 . (228)
The uncertainties on these results, as arising from QCD sum rule approximations, can be estimated around
30%. We stress that at the charm scale the 1/mc corrections are potentially relevant: nevertheless the
prediction (227) is in rather good agreement with data. In table 4 we quote form factors and branching
ratios obtained from (224), (225) and chiral symmetry.
Table 4: Predictions for semileptonic D and B decays in a pseudoscalar meson, in the effective lagrangian
approach. We have neglected the η − η′ mixing. The branching ratios and the widths for B must be
multiplied for |Vub/0.0032|2. We assume τBs = τB0 = τB+ = 1.55 ps.
Decay F1(0) BR Exp. data
D0 → π− 0.63 2.4 · 10−3 (3.9+2.3−1.2) · 10−3
D+ → η 0.26 4.9 · 10−4
Ds → η 0.51 2.3 · 10−2
Ds → K0 0.63 3.0 · 10−3
B0 → π− 0.38 1.6 · 10−4 (1.63± 0.46± 0.34) · 10−4
Bs → K 0.38 1.6 · 10−4
The effective lagrangian result (224) shows the dominance of the P ∗ pole near the kinematic end-
point. The 1/mQ corrections to the leading results (227), (228) have been presented in [35], where it is
shown that at the order 1/mQ one has to introduce four new relevant couplings in the lagrangian and in
the effective current. Two of the occurring parameters, ρ1 and ρ2, parameterize the 1/M corrections to
the leptonic decay constants fP and fP∗ , as shown by (197). The others, g1 and g2, are related to the
subleading corrections to the coupling gP∗P∗π and gP∗Pπ, as shown in (51). In terms of these couplings,
the form factor F1 is [35]:
F1 =
Fˆ
2
√
MPfπ
[
MP + v · pπ
v · pπ +∆
(
1 +
ρ1 − 2ρ2
MP
)(
g +
g1 − g2
MP
)
−
(
1 +
ρ1 + 2ρ2
MP
)]
=
1
2fπ
(
MP + v · pπ
MP (v · pπ +∆)gP
∗PπfP∗ − fP
)
, (229)
where, in the second expression, gP∗Pπ, fP∗ and fP include their own 1/M corrections.
The chiral logarithmic corrections to the process P → πlνl in the effective theory have been computed
in [67]: evaluating the one-loop chiral diagrams, it is found that the chiral-corrected form factors F1 and
F0 at the leading order in 1/mQ have the same form as in (224), (225) but are expressed in terms of the
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chirally renormalized leptonic decay constants f renP and f
ren
π , the heavy meson coupling geff to the axial
vector Goldstone current (see also section 3.2) and the hyperfine mass splitting ∆ren, i.e.
F1 =
gefff
ren
P MP
2f renπ (v · pπ +∆renP )
(230)
F0 =
f renP
f renπ
. (231)
A more detailed analysis is presented in [68], where all the non-analytic terms arising from chiral loops
are kept. The SU(3) violation in the pole term of the amplitude is of the order of 40%, but a rather large
value of g is used in the numerical estimate, g ≃ 0.7. For smaller values of g, e.g. g = 0.3, the chiral
violation between P → π and P → K pole amplitudes reduces to 10%.
5.3 B → V semileptonic decays
We now discuss the semileptonic decays of a heavy meson P into a light vector meson V = ρ, K∗, φ.
In the following, we will discuss how to relate the B and D form factors, following as before two
different approaches: the scaling approach and the effective chiral lagrangian approach. Let us begin
with a review of the available experimental data. In the D → K∗lνl decay, the most extensively studied
channel, the quality of the data does not yet allow to determine the q2 dependence of the form factors.
The analysis is performed assuming a simple pole formula for the form factors V (q2), A1(q
2), and A2(q
2),
with pole masses given by the nearest resonance (i.e. 2.1 GeV for the vector form factor and 2.5 GeV for
the two axial form factors). The average of three Fermilab experiments gives the results [45]:
V (0) = 1.1± 0.2; A1(0) = 0.56± 0.04; A2(0) = 0.40± 0.08. (232)
Data have also been obtained for the decay Ds → φlνl, but the errors on the form factors are still
large, and we shall not use them.
In the case of semileptonic D decays, due to the limited q2 range, the pole assumption does not
sensibly affect the results (232); we have for instance extracted the form factors assuming A1 constant in
q2, but A2 and V pole-dominated, finding discrepancies of the order of 10%, which are within the quoted
uncertainties in (232). The q2 dependence of the form factors is on the contrary extremely important in
B decays, as we discuss below.
For B mesons the semileptonic rates are strongly Cabibbo-suppressed: the CLEO II Collaboration
has only recently presented the new measurement giving [103]
BR(B0 → ρ−ℓ+νl) = (3.88± 0.54± 1.01) · 10−4 WSB
BR(B0 → ρ−ℓ+νl) = (2.28± 0.36± 0.59) · 10−4 ISGW (233)
where the first value is obtained using the WSB model [105] in the Montecarlo code which evaluates the
efficiencies, and the second one is based on the use of the ISGW model [106].
Before discussing semileptonic B decays in more detail, let us stress that another source of information
on the weak matrix elements between B and K or K∗ is represented by non leptonic B decays. As a
matter of fact, the factorization hypothesis allows to relate non-leptonic to semileptonic rates. The
color-suppressed decays B → K(K∗)J/ψ give, in this approximation, indications on the form factors
B → K(K∗) at q2 = M2J/ψ. There are two relevant experimental figures: the ratio of vector and
pseudoscalar widths, measured by Argus [126] and CLEO II [125], whose averaged value is
R =
Γ(B → J/ψK∗)
Γ(B → J/ψK) = 1.68± 0.33 , (234)
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and the fraction of longitudinal polarization
ΓL
Γ
=
Γ(B → J/ψK∗)L
Γ(B → J/ψK∗) = 0.74± 0.07 , (235)
which corresponds to the average of the measurements of Argus: ΓL/Γ = 0.97± 0.16± 0.15 [126], CLEO
II: ΓL/Γ = 0.80± 0.08± 0.05 [125], and CDF: ΓL/Γ = 0.65± 0.10± 0.04 [127].
Detailed phenomenological analyses have been performed in [119, 120, 121], where it has been shown
that most of the models fail to explain the previous data, in particular the fraction of longitudinal
polarization (235). We point out that all the current models use the hypothesis of factorization [128],
which in general works satisfactorily in B decays [129] but could have corrections in specific channels,
like the colour-suppressed B → J/ψK∗. Possible non-factorizable contributions are introduced in [130].
By the definition
x =
ABK
∗
2
ABK
∗
1
∣∣∣
(M2
J/ψ
)
y =
V BK
∗
ABK
∗
1
∣∣∣
(M2
J/ψ
)
(236)
one gets, assuming factorization [119],
R = 1.081
(
ABK
∗
1
FBK1
(M2J/ψ)
)2 [
(a− bx)2 + 2(1 + cy2)] (237)
ΓL
Γ
=
(a− bx)2
(a− bx)2 + 2(1 + cy2) . (238)
The coefficients a, b and c are dimensionless combinations of masses; from the data one gets
a = 3.16 b = 1.31 c = 0.19 . (239)
5.3.1 Scaling approach to B → V form factors
The scaling approach, valid at the leading order in 1/mQ, is similar to the case P → π; the scaling laws
for the form factors are derived from the asymptotic behaviour of the matrix element, i.e.
< V (p′)|Jµ|P (v) >∼ √mQ
(
1 +O
(
ΛQCD
mQ
)
+O
(
v · p′
mQ
)
+O
(
mV
mQ
))
. (240)
For D → K∗ the violation to (240) can be important, namely of order mK∗/MD. This uncertainty is
reflected in different choices of the scaling laws at q2 ≃ q2max. For example one can follow the approach
called “soft-scaling” in [120], and adopted in [15], i.e.
V (q2max) ≈
MP +MV√
MP
A1(q
2
max) ≈
√
MP
MP +MV
A2(q
2
max) ≈
MP +MV√
MP
. (241)
The second choice we shall consider is “hard-scaling”:
V (q2max) ≈
√
MP
A1(q
2
max) ≈
1√
MP
A2(q
2
max) ≈
√
MP . (242)
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Table 5: Predictions for form factors and widths for B0 → ρ−lνl. ΓT and ΓL refer to ρ with respectively
transverse and longitudinal polarization, Γ+ and Γ− to ρ with positive and negative helicities. The
branching ratios (BR) and the widths for B must be multiplied for |Vub/0.0032|2. We assume τBs =
τB0 = τB+ = 1.55 ps.
Extrapolation soft-pole hard-pole soft-cost. hard-cost. data
A1(0) 0.21 0.17 0.42 0.33
A2(0) 0.27 0.34 0.27 0.34
V (0) 0.64 0.81 0.64 0.81
Γ+/Γ− 0.045 0.13 0.005 0.06
ΓL/ΓT 0.39 0.15 1.80 0.30
BR (10−4) 2.8 2.8 6.7 3.5 3.88± 0.54± 1.01
ΓL/Γ(J/ψK
∗) 0.27 0.02 0.50 0.18 0.74± 0.07
Γ(K∗)/Γ(K) 1.74 1.68 3.35 2.27 1.68± 0.33
The two scenarios, (241) and (242), differ by subleading terms of the order MV /MP , which can be
nevertheless numerically important. Needless to say, some form factors might exhibit soft-scaling and
others hard-scaling, in different combinations.
The scaling laws allow to relate the D and B form factors near q2max: as discussed above, the de-
pendence on q2 is practically unknown, and, as we stressed already, B transitions depend strongly on
the extrapolation to q2 = 0. The vector form factor V is generally believed to be pole-dominated, as
discussed in section 5.1, while for A1 and A2 the theoretical situation is unclear. In [120] the soft scaling
laws are justified by extending the heavy-to-heavy scaling relations down to the light final meson case.
In the same limit one finds that A2/A1, V/A1 and F1/A1 should have a polar behaviour in q
2: assuming
F1 as pole dominated, this implies a constant A1 and a pole behaviour for A2 and V . Nevertheless the
extension of the heavy-to-heavy scaling laws to the heavy-to-light case remains arbitrary, and should
be considered as an ansatz. As we will discuss explicitly in the next section, the effective lagrangian
approach leads to the soft-scaling solution (241): this follows from the factor (MP +MV ) contained in
the definition (202) of the form factors.
To simplify the discussion, we assume that A2 is dominated by the nearest pole, while for A1 we
consider two possibilities: the pole-dominance, and a flat A1 constant in q
2. We have considered four
different possible scenarios: soft scaling and A1 pole-dependent (called soft-pole), soft scaling and A1
constant (called soft-constant), hard scaling and A1 pole-dependent (called hard-pole), and finally hard
scaling and A1 constant (called hard-constant). For each of them we have computed, using as inputs the
D → K∗ form factors (232), the branching fraction and the ratios of decay widths Γ+/Γ− and ΓL/ΓT
for the process B0 → ρ−l+νl. Here ΓT and ΓL refer to ρ with transverse and longitudinal polarization
respectively, Γ+ and Γ− to ρ with positive and negative helicities. We have computed the longitudinal
fraction ΓL/Γ, and the ratio of the vector to scalar BR’s for B → J/ψK(K∗). The results are presented
in table 5, where we have extrapolated from D → K∗ to B → K∗, and then we have equated, by chiral
symmetry, the form factors B → K∗ and B → ρ.
Let us comment on table 5. First of all, all the four scenarios give a rather low value for the ratio
ΓL/Γ(J/ψK
∗): the soft-scaling, A1 constant (third column of table 5), is the closest one to the experiment,
but it produces a too high value for the branching ratio B → ρ−lνl and for Γ(K∗)/Γ(K). The value of the
latter ratio depends mainly on the ratio A1/F1 (at q
2 = M2J/ψ), and could be smaller for a larger value
of FB K1 : however, a too large value would disagree with the measured branching ratio for the B → πlνl
(excluding large SU(3) violation). This scenario is preferred in [120], where however the upper limit for
the B → ρ and the B → π data are not taken into account (soft-scaling is also applied to F1, obtaining
a larger value for it and a better agreement for Γ(K∗)/Γ(K)).
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The second comment is that a constant A1 gives a higher value than pole behaviour for the B → ρ
branching ratio, when scaling is used. The situation improves assuming pole dominance for A1 for the
semileptonic branching ratio B → ρ, and also for the ratio Γ(K∗)/Γ(K), as it can be seen in the first
column of the table. But, at the same time, the longitudinally polarized fraction ΓL/Γ(J/ψ K
∗) decreases,
because A2/A1 at q
2 =M2J/ψ grows.
Hard scaling decreases the value of A1, and it raises A2 and V : this produces a smaller semileptonic
BR(B → ρ), but also lowers ΓL/Γ(J/ψ K∗) (because A2/A1 grows, see (238)) and Γ(K∗)/Γ(K). Hard
scaling, together with a pole-dominated A1, as in the second column, leads to a value for ΓL/Γ(J/ψ K
∗)
in disagreement with the data: its combination with a constant A1, as in the fourth column of the table,
improves the agreement with the data, even if ΓL/Γ(J/ψ K
∗) remains still rather small, even smaller
than in soft-pole scenario for A1.
Summarizing, the previous analysis indicates that a constant A1 requires strong scaling in order to get
agreement with the data of the semileptonic BR(B → ρ). In [120] a different result is obtained, which,
however, does not take into account the results for the semileptonic B → ρ transition.
If A1 is single-pole dominated, soft scaling is required in order to get a reasonable (not too small) value
for ΓL/Γ(J/ψ K
∗): these data are however difficult to explain without spoiling other phenomenological
requests.
It should be stressed, however, that the figures of table 5 have large uncertainties. Leaving aside
theoretical uncertainties that are however significant, the quoted numbers have an uncertainty due to
the experimental errors of the D → K∗lνl form factors (232) used as inputs. We notice that, for
instance, A2(0)
D K∗ is quoted with an error of about 20 %: this error alone implies 30 % uncertainty in
ΓL/Γ(J/ψ K
∗) and 15 % in Γ(K∗)/Γ(K). Finally we have used flavour SU(3) symmetry to relate B → ρ
and B → K∗ form factors and this is another source of theoretical error which in principle should be
taken into account.
5.3.2 Effective lagrangian approach
Light vector resonances have been discussed in the framework of the effective heavy meson chiral la-
grangian in 2.4; applications to semileptonic decays have been developed in [15]. Chiral loop contributions
to D → K∗lνl have been partially taken into account in [38]. We now review this subject.
In the effective chiral lagrangian framework, five different diagrams contribute at the leading order in
1/mQ to the matrix element < V (p
′, ǫ)|Jµ|P (p) >. They are analogous to the diagrams of fig. 5. Four
of them are polar diagrams: V (q2) takes contribution from the 1− pole diagram, proportional to the
coupling λ among P , P ∗ and ρ introduced in (62). The ζ and µ couplings in (76) give the vertex PP ∗∗ρ,
where P ∗∗ is a positive-parity states of the doublet (0+, 1+) and the corresponding polar diagrams, with
exchange of a 1+ meson, contribute to A1 and A2. The µ and λ terms have dimension higher than the ζ
or g terms; nevertheless they are the lowest-order contributions to V and A2. The fourth polar diagram,
with exchange of a 0− meson, is proportional to the coupling β of the vertex PPρ (see formula (62)) and
is relevant only for the form factor A0. Finally there is a direct diagram, which arises from the effective
current term proportional to α1 in the heavy-to-light current (184). All these vertices can be found in
appendix A.
Computing the diagrams for q2 ≃ q2max and at leading order in 1/mQ, one gets [15]:
V (q2max) =
gV√
2
λFˆ
MP +MV√
MP
1
MV +∆P∗P
(243)
A1(q
2
max) = −
2gV√
2
√
MP
MP +MV
[
α1 − Fˆ
+(ζ/2− µMV )
MV +∆PP∗∗
]
(244)
A2(q
2
max) = −
µgV Fˆ
+
√
2(MV +∆PP∗∗)
MP +MV√
MP
(245)
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A0(q
2
max) =
gV
2
√
2
βFˆ
√
MP
MV (MV +∆′)
+
gV√
2
α1
√
MP
MV
(246)
where the ∆ are appropriate mass splittings.
From (243)-(246), we can extract information on the scaling behaviour of the form factors as well as
some indications on their q2 behaviour.
As to the scaling, we notice that (243)-(245) imply the “soft-scaling” of eq. (241), since the coupling
of the effective lagrangian is flavour independent. Moreover, the form factors V and A2 have only the
pole structure, which at q2 ≃ q2max is signalled by the factor 1/(MV +∆), while A1 contains a pole term
but also a non-polar one, proportional to α1. This suggests a more complex q
2 behaviour of A1.
The non-polar term could be a general polynomial in q2: the simplest way to take into account the
indications coming from the effective lagrangian is to describe A1 as a sum of a constant term and a pole
term, i.e. we write:
A1(q
2) = a+
b
1− q2/M2P∗∗
(247)
while keeping for A2 and V the nearest-pole behaviour. The parameters a and b are flavour dependent,
and scale differently at q2 = q2max. Assuming soft scaling, as suggested by (243) - (246), we find the
following scaling laws:
a(B → V ) = MD +MV
MB +MV
√
MB
MD
a(D → V ) (248)
b(B → V ) = MD +MV
MB +MV
√
MD
MB
b(D → V ) . (249)
The formulas (243)-(245) give the form factors at q2max: at the leading order in 1/mQ, the value in
q2 = 0 for pole-dominated terms is:
F (0) =
2(MV +∆)
MP
F (q2max) . (250)
As for A1, we identify the term proportional to α1 in (244) with the constant term a of (247), and the
other with the pole term, proportional to b. In this way one gets:
V (0) = gV
√
2λFˆ
MP +MV
M
3/2
P
(251)
a = −gV
√
2
√
MP
MP +MV
α1 (252)
b = gV 2
√
2Fˆ+
ζ/2− µMV
(MP +MV )
√
MP
(253)
A2(0) = −
√
2µgV Fˆ
+MP +MV
M
3/2
P
. (254)
From the experimental data (232) on D → K∗ we can fix the effective couplings appearing in the
previous formulas: from (251), using Fˆ = 0.30 GeV 3/2 and gV = 5.8 (see (67)), we obtain
|λ| = 0.41 GeV −1 . (255)
We shall see, in the next section, how the sign of λ can be fixed. It is interesting to observe that this result
agrees with the second, but not with the first determination obtained in [131] by a light cone sum rules
calculation (the first determination gives a higher value; also in [132] a higher value of λ is obtained).
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Similarly, from (254) and Fˆ+ = 0.46 GeV 3/2 [79] we get
µ = −0.10 GeV −1 . (256)
Having fixed λ and µ, one can compute the form factors V and A2 for the B → K∗ and B → ρ matrix
elements, because these couplings are heavy-flavour independent at the leading order. The result is
|V B→V (0)| = 0.50 AB→V2 (0) = 0.19 . (257)
The mass difference between K∗ and ρ is numerically irrelevant in (257).
Concerning A1, from the input A
D K∗
1 (0), we derive
(a+ b)D K
∗
= 0.56 . (258)
The knowledge of the q2 behaviour of AD K
∗
1 would allow to extract simultaneously a and b, but at
present we can only introduce an arbitrary parameter r, defined as
r =
a
a+ b
(259)
where a and b are relative to the AD→K
∗
1 (r is not heavy flavour independent).
When r varies from r = 0 to r = 1, we have a smooth transition from a pure pole dominance (r = 0)
to a constant A1 (r = 1). The analysis of section 5.3.1 has shown that a pure pole behaviour (soft-pole
case) leads to a rather low value for ΓL/Γ(J/ψ K
∗), while a constant A1 gives a semileptonic branching
ratio B → ρ too high: therefore we expect that the two component form factor (247) can explain better,
for some intermediate value of r, the large longitudinal polarization in B → J/ψK∗ and at the same time
can agree with the data for B → ρlν.
In figs. 6, 7 and 8 we plot respectively ΓL/Γ(J/ψ K
∗), Γ(K∗)/Γ(K) and BR(B0 → ρ−l+νl) as a
function of r. We have assumed A2 and V pole-dominated, with the values (257) at q
2 = 0. We see
that all the three observables grow when the q2 dependence of A1 becomes flatter, i.e. r → 1. This is a
satisfactory feature for ΓL/Γ(J/ψ K
∗), but a large r gives too large values for the semileptonic BR and
for the Γ(K∗)/Γ(K) ratio.
In table 6 we quote the values of various observables at r = 0.5, where a good compromise is obtained:
ΓL/Γ(J/ψ K
∗) = 0.51. This value is still smaller than the data, but one should not forget that the
factorization assumption could receive sizeable corrections.
Table 6: Predictions for form factors and widths for B0 → ρ−lνl and for B → J/ψK(∗), with r = 0.5.
ΓT and ΓL refer to ρ with, respectively, transverse and longitudinal polarization, Γ+ and Γ− to ρ with
positive and negative helicities. The branching ratios (BR) and the widths for B must be multiplied for
|Vub/0.0032|2. We assume τBs = τB0 = τB+ = 1.55 ps.
Observable r = 0.5 data
A1(0) 0.28
A2(0) 0.19
V (0) 0.50
Γ+/Γ− 0.013
ΓL/ΓT 1.60
BR (10−4) 3.8 3.88± 0.54± 1.01
ΓL/Γ(J/ψK
∗) 0.51 0.74± 0.07
Γ(K∗)/Γ(K) 2.01 1.68± 0.33
From the value of r one can extract a and b separately: from the scaling relations (248) and (249) we
have for r = 0.5:
a(B → V ) = 0.21 b(B → V ) = 0.07 (260)
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Figure 6: Ratio ΓL/Γ for the decay B → J/ψK∗ as a function of the parameter r. ΓL is the width for
longitudinally polarized K∗.
i.e. ABρ1 (0) = 0.28, as quoted in table 6. The knowledge of a and b, together with the identifications
(252) and (253), fixes the couplings α1 and the linear combination ζ/2 − µMV . The results depend on
the value of r; for r = 0.5 we get:
α1 = −0.07 GeV 1/2 ζ
2
− µMV = 0.14 (261)
(a and b are taken as positive). From (256) we can extract finally ζ:
ζ = 0.10 . (262)
The previous phenomenological analysis has to be taken cautiously, due to the large uncertainties.
Subleading corrections, q2 dependence of the form factors, breaking of factorization and chiral violations
could easily lead to substantial modifications of the chosen scenario. New experimental data will hopefully
clarify the situation, and allow to distinguish among different models. We shall adopt in the following
the effective lagrangian results of table 6 (in particular r = 0.5).
In table 7 we present the values of the form factors of the b→ u transitions in different models.
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Figure 7: Ratio of the widths B → J/ψK∗ and B → J/ψK as a function of the parameter r.
6 Radiative decays
6.1 Flavour conserving radiative decays: D∗ → Dγ
In this section we shall consider the decay
D∗a → Daγ , (263)
and the related processes for the B case: B∗a → Baγ. In (263) a = 1, 2, 3 is the light quark index
corresponding to u, d, s. The matrix element for this radiative transition is as follows:
M(D∗a → Daγ) = i eµaǫµναβǫ∗µηνpαp′β . (264)
In (264) ǫµ is the photon polarization, whereas the coupling µa comprises two terms:
µa = µ
ℓ
a + µ
h
a , (265)
corresponding to the decomposition:
M(D∗a → Daγ) = e ǫ∗µ < Da(p′)|Jemµ |D∗a(p, η) >= e ǫ∗µ < Da(p′)|Jℓµ + Jhµ |D∗a(p, η) > . (266)
Here Jℓµ and J
h
µ are the light and the heavy quark parts of the electromagnetic current:
Jℓµ =
2
3
u¯γµu− 1
3
d¯γµd− 1
3
s¯γµs =
3∑
a=1
eaq¯aγµqa (267)
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Figure 8: Branching ratio of the decay B0 → ρ−lνl as a function of the parameter r. We have taken
Vub = 0.0032.
and
Jhµ =
2
3
c¯γµc− 1
3
b¯γµb =
∑
Q=c,b
eQQ¯γµQ. (268)
Correspondingly, eq. (265) becomes
µa = µ
ℓ
a + µ
h
a =
ea
Λa
+
eQ
ΛQ
, (269)
where Λa and ΛQ are mass parameters to be determined.
Let us consider the two currents Jhµ and J
ℓ
µ separately. The matrix element of J
h
µ can be obtained
from the Lagrange density:
L′′ = − e
2mQ
eQh¯vσ
µνhvFµν , (270)
which allows the transition Q → Qγ and can be expressed in terms of the Isgur-Wise universal form
factor ξ(v · v′) as follows:
< Da(p
′)|Jhµ |D∗a(p, η) >= ec < Da(p′)|c¯γµc|D∗a(p, η) >= i
2
3
√
MDaMD∗aξ(v·v′)ǫµναβηνvαv′β , (271)
where p′ =MDv
′, p =MD∗v and v · v′ ≃ 1 because:
0 = q2 = m2D +M
2
D∗ − 2MDMD∗v · v′ . (272)
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Table 7: Form factors at q2 = 0 for b→ u transitions in different models
Reference FB→π1 A
B→ρ
1 A
B→ρ
2 V
B→ρ
This paper 0.38 0.28 0.19 0.50
QCD sum rules
DP [54] 0.4± 0.1
CZ [133] 0.36
BBD [107] 0.24± 0.025
Narison [134] 0.23± 0.02 0.35± 0.16 0.42± 0.12 0.47± 0.14
Ball [108] 0.26± 0.02 0.5± 0.1 0.4± 0.2 0.6± 0.2
BKR [109] 0.24− 0.29
ABS [110] 0.24± 0.04 0.28± 0.06
Quark models
BSW [105] 0.33 0.28 0.28 0.33
ISGW [106] 0.09 0.05 0.0.02 0.27
FGM [135] 0.21± 0.02 0.26± 0.03 0.30± 0.03 0.29± 0.03
Lattice
APE [116] 0.35± 0.08 0.24± 0.12 0.27± 0.80 0.53± 0.31
Abada et al. [114] 0.30± 0.14± 0.05 0.22± 0.05 0.49± 0.21± 0.05 0.37± 0.11
UKQCD [118] 0.27+7+3−4−3
Taking into account the normalization of ξ(v · v′): ξ(1) = 1, one gets, for the charm case,
µha =
2
3Λc
(273)
(µha = − 13Λb for the b case), with
Λc =
√
MDaMD∗a (274)
(resp. Λb =
√
MBaMB∗a); in the leading order in 1/mc one finds:
Λc = mc (275)
(resp. Λb = mb), independently of the light quark label a.
Let us now consider the second term in (265), i. e. µℓa, which cannot be computed within HQET
since it involves light quarks; we shall now show that the chiral effective theory can be employed to get
information on this quantity. We shall examine two approaches: the first one is based on the calculation of
chiral loop corrections [47]; the second is based on the use of Vector Meson Dominance (VMD), together
with the effective chiral lagrangian for light and heavy mesons [136]. Other approaches used to compute
(263) are based on quark models [49, 27, 137]; bag model [138] and QCD sum rules [139, 140] (for a
previous review of theoretical results see [141]).
The first approach we consider is based on the chiral loop corrections to the tree diagram [47]. Let
us start with the definition of µℓa:
µℓa =
ea
Λa
; (276)
in the limit of SU(3) symmetry the constants Λa’s are equal, i. e. one gets Λa
−1 = β, where β is an
unknown constant which can also contain effects suppressed by powers of 1/mc.
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The leading SU(3) violations to (276) are obtained by considering the loop diagrams of fig. 9, with
the results [47]:
µℓ1 =
2
3
β − g2 mK
4πf2K
− g2 mπ
4πf2π
(277)
µℓ2 = −
1
3
β + g2
mπ
4πf2π
(278)
µℓ3 = −
1
3
β + g2
mK
4πf2K
. (279)
Here g is the strong coupling constant of the vertex D∗Dπ (in the mc →∞ limit) defined in (40). If one
considers only the leading SU(3) violations, one should put fK = fπ
2. This has to be the case if one uses
the value g = 0.38, eq. (99). As a matter of fact, as discussed in [72], the SU(3) invariant coupling g is
obtained assuming a unique value fπ ≈ 130MeV for all the light pseudoscalar meson decay constants in
the sum rule. The analysis of [47] provides a pattern for SU(3) violations in D∗ radiative decays, and
* D
γ
D D
γ
* D
Figure 9: Chiral loops contributing to the radiative decays D∗ → Dγ
can be in principle used to determine g and β, independently of the theoretical determinations based on
the the QCD sum rule for g. One can use the two formulas:
Γ(D∗a → Daγ) =
α
3
MD∗a
MDa
|µα|2|~k|3 (280)
(~k = photon momentum),
Γ(D∗+ → D0π+) = g
2
6πf2π
|~pπ|3 (281)
and the experimental results contained in table 1 [44, 45], together with the condition g < 1 (which is
experimentally satisfied [46]). Because of the large experimental error (especially in the channel D∗+ →
D+γ), one gets, however, a rather broad range of values for g [47]3:
0.3 < g < 0.7 . (282)
The value of g obtained in this way is an effective coupling which takes into account part of the 1/mc
corrections, as it is obvious from the fact that µha has not been neglected in comparison with µ
ℓ
a (µ
h
a is
not negligible because mc is not sufficiently large: in this analysis one uses Λc = mc = 1.7 GeV). It is
2In the analysis of Ref. [47] fK = 1.22fpi is used.
3Similar results are obtained in [48].
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nevertheless interesting to observe that the small values for g in (282) are in broad agreement with the
results of the QCD sum rules quoted in section 3.1.2.
The analysis of [47] shows that smaller values of g favour values of β near the non relativistic quark
model result [137], where β = m−1q , and mq ≈ 300 − 500 MeV is a typical value of the light quark
constituent mass. In particular, from g = 0.38 and mc = 1.7 GeV one gets the value β = 1.9 GeV
−1.
The pattern displayed by eq.(279), µℓ3 = − 13 (β−3g2mK/(4πf2K)) = −1/(3Λ3), can be interpreted, in the
quark model, as due to a constituent strange quark having a mass ms = Λ3 larger than mq = Λ1, or Λ2,
which is what one would naively expect.
Instead of considering loop effects one can therefore take into account SU(3) violations by choosing
explicitly different Λa’s. Quark model calculations that assume SU(3) violations are considered in [49, 27].
In particular, the calculation of ref. [27] in the semirelativistic quark model of ref. [57] discussed in section
3.1.1, as we stated already, makes use of the Salpeter equation [56], i.e. a wave equation which takes into
account relativistic kinematics, with an interquark potential modelled on the Richardson’s potential [55].
As we have observed, this model is able to explain the reduction of the value of the strong D∗Dπ coupling
constant from the (non relativistic) quark model prediction g = 1 down to g ≈ 0.33, as a consequence
of the relativistic kinematics relevant to the light quark in the heavy meson; since this small value is
favoured by the QCD sum rule analyses [25, 60], as well as by the data (eq.(282)) one may take this as
an indication that relativistic kinematics plays a role also in the case of the radiative decays. The results
of the analysis in [27] for the constants Λa are displayed in table 8, together with the results of the chiral
loop calculation [47], i.e. the results based on eqs. (277)-(279). In the same table we also report the
parameters of the model [136] based on Vector Meson Dominance, to be discussed below.
Table 8: Theoretical inputs for mass parameters in radiative D decays. χ-loop represents the chiral
loop calculation, VMD is the model based on the effective lagrangian supplemented by the hypothesis of
Vector Meson Dominance; RQM refers to the relativistic quark model; ΛQ and Λa are mass parameters
(in GeV).
Decay mode χ-loop VMD RQM
ΛQ Λa ΛQ Λa ΛQ Λa
D∗+ → D+γ 1.7 0.61 1.9 0.50 1.57 0.48
D∗0 → D0γ 1.7 0.79 1.9 0.50 1.57 0.48
D∗s → Dsγ 1.7 1.11 2.0 0.59 1.58 0.497
B∗+ → B+γ 5.0 0.79 5.3 0.51 4.93 0.59
B∗0 → B0γ 5.0 0.61 5.3 0.51 4.93 0.59
B∗s → Bsγ 5.0 1.11 5.4 0.60 4.98 0.66
In the case of the chiral loop calculation [47], we have assumed as an input g = 0.38, which is
the intermediate value among the different QCD sum rules results [25, 60, 72]; on the other hand β =
1.9 GeV−1 is fitted from the experimental CLEO data of table 1, using the branching ratio of D∗0 → D0γ
as an input. As for Λc, following [47], we take Λc = 1.7 GeV; on the other hand for Λb we take the value
Λb = 5 GeV which, similarly to the Λc case, is slightly larger than the value derived by QCD sum rules.
Let us now discuss the model based on Vector Meson Dominance (VMD) [136]. In this model the
calculation of µℓa is based on the results obtained by the effective chiral lagrangian approach. The idea is
to use VMD to express < Da|Jℓµ|D∗a > in terms of < DaV |D∗a > (V = light vector meson resonance) and
then to employ information from heavy meson weak decays to compute < DaV |D∗a >. In other terms
one writes:
< Da(p
′)|Jℓµ|D∗a(p, η) > =
= ea
∑
V,λ
< Da(p
′)V (q, ǫ1(λ))|D∗a(p, η) > i
< 0|q¯aγµqa|V (q, ǫ1(λ)) >
q2 −m2V
(283)
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where q2 = 0 and the sum is over the vector meson resonances V = ω, ρ0, φ and over their helicities. The
vacuum-to-meson current matrix element appearing in (283) is given, assuming SU(3) flavour symmetry,
by:
< 0|q¯aγµqa|V (q, ǫ1) >= ǫ1µfV Tr(V T a) , (284)
where (T a)lm = δalδam and, as usual, a = 1, 2, 3 for u, d, s respectively. From ω → e+e− and ρ0 → e+e−
decays [45] one has fω = fρ = fV = 0.17 GeV
2; from φ → e+e− one obtains fφ = fV + δf , with
δf = 0.08 GeV2, which implies a relevant SU(3) violation. Using (284) and the strong lagrangian
containing the vertex D∗DV (see eq.(62)):
L = iλ < HbσµνFµν(ρ)baH¯a > , (285)
one can compute (283). The results in terms of the mass constants Λa are as follows:
Λ−1a = −2
√
2gV λ
√
MD∗
MD
ρa (286)
where ρ1 = ρ2 = fV /m
2
ω, ρ3 = fφ/m
2
φ, gV = 5.8. Equation (255) only gives the absolute value of λ,
but eq. (286) clearly shows that λ < 0 if Λa has to be interpreted, as in the quark model, as a mass
parameter. Therefore we take (see eq. (255)):
λ ≃ −0.41 GeV−1 . (287)
The results of this approach are reported in table 8, together with the chiral loop (χ-loop) and the
relativistic quark model predictions.
From eqs. (280) and (281) and from table 8 we get the decay rates and branching ratios (BR) for
both D∗ and B∗ decays; they are reported in table 9 for the three models examined so far. For the chiral
loop calculation and the VMD approach we use the same value g = 0.38 for the strong BB∗π coupling
constant, whereas for the third column we take g ≃ 0.39 as predicted by the relativistic quark model [27].
Table 9: Theoretical predictions for D∗ and B∗ widths and branching ratios. The radiative decay widths
are computed by the parameters of the preceding table.
Decay rate/ BR χ-loop VMD RQM
Γ(D∗+) 39.5 KeV 40.0 KeV 46.2 KeV
BR(D∗+ → D+π0) 31.5% 31.1% 31.3 %
BR(D∗+ → D0π+) 68.1% 67.3% 67.7 %
BR(D∗+ → D+γ) 0.4% 1.6% 1.0 %
Γ(D∗0) 28.3 KeV 37.1 KeV 41.6 KeV
BR(D∗0 → D0π0) 63.6% 51.5% 50.0 %
BR(D∗0 → D0γ) 36.4% (input) 48.5% 50.0 %
Γ(D∗s) = Γ(D
∗
s → Dsγ) 0.06 KeV 0.35 KeV 0.38 KeV
Γ(B∗+) = Γ(B∗+ → B+γ) 0.14 KeV 0.37 KeV 0.24 KeV
Γ(B∗0) = Γ(B∗0 → B0γ) 0.09 KeV 0.12 KeV 0.092 KeV
Γ(B∗s ) = Γ(B
∗
s → Bsγ) 0.03 KeV 0.09 KeV 0.08 KeV
We see that the chiral loop calculation, which uses the data on D∗0 → D0γ to fix the light mass scale,
reproduces quite well the D∗+ decay branching ratios; also the quark model and the VMD predictions
(that are parameter free) are in reasonable agreement with the data.
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Let us compare these results with other approaches. The result of the calculation in [48], based on
the ideas of HQET, is as follows: Γ(D∗0 → D0γ) = 8.8 ± 17.1 KeV and Γ(D∗+ → D+γ) = 8.3 ± 8.1
KeV, if one uses mc = 1.7 GeV. For the B case, with mb = 5.0 GeV, Γ(B
∗0) = 0.13 ± 0.20 KeV, and
Γ(B∗+) = 0.66 ± 0.93 KeV are found. Clearly the results of this calculation are dominated by large
experimental uncertainties.
The result of a QCD sum rule calculation [140], which updates previous analyses [139], is as follows:
Γ(D∗0 → D0γ) = 2.43± 0.21 KeV, Γ(D∗+ → D+γ) = 0.22± 0.06 KeV, and Γ(D∗s → Dsγ) = 0.25± 0.08
KeV. D∗ decays have been also studied in the framework of the bag model [138] with the following results
(for the value λ = 1 of the relevant parameter in that paper): Γ(D∗+) ≃ 80 KeV and Γ(D∗0) ≃ 60 KeV,
a factor 1.5− 2 larger than the results contained in table 9; this model also predicts Γ(D∗+ → D+γ) ≃ 1
KeV and the correct ratio (D0γ)/(D0π0). Correspondingly, the computed B∗ radiative width is also
larger than the entries in table 9.
Let us finally observe that similar calculations can be performed for the radiative decays of positive
parity charmed meson resonances [136, 18, 142]. For neutral resonances the computed branching ratios
are of the of the order 10−4− 10−3; for the charged parity resonances the computed branching ratios are
much smaller, due to an almost complete cancellation between the two contributions in the e.m. current
[136].
6.2 Weak radiative decay: B → ℓνγ
Another interesting process where the formalism of the effective chiral lagrangian can be applied is the
radiative leptonic decay channel:
B− → µ−ν¯µγ . (288)
It has been suggested [143, 144, 145] that this decay channel can be used to extract the B∗ decay constant
fB∗ ; since in the mb →∞ limit fB∗ = fB = Fˆ /
√
MB, the analysis of (288) can represent an alternative
way to measure Fˆ as compared to the purely leptonic decay channel
B− → µ−ν¯µ . (289)
The branching ratio for the purely leptonic channel is given by:
BR(B− → µ−ν¯µ) ≃ 2.6
[
Vub
0.003
]2 [
fB
200MeV
]2
10−7 , (290)
where one uses τB− = 1.55 ps. This result is two order of magnitudes smaller than the present experi-
mental upper bound put by CLEO [146]: BR(B− → µ−ν¯µ) < 2.1 · 10−5. For the channel B− → e−ν¯e
one expects a much smaller BR (of the order 10−12− 10−11), because of the helicity suppression; on the
other hand in the channel B → τντ , the helicity suppression is absent and the expected BR is of the
order 7× 10−5, but the τ identification represents a serious experimental problem.
Because of the small value that is expected for the leptonic channel (290), the radiative decay (288)
may be a serious competitor. Various estimates [145, 147] of its branching ratio indicate that the radiative
decay rate is larger than the purely leptonic one by almost an order of magnitude, mainly because the
radiative decay, differently from the leptonic channel, is not helicity-suppressed due to the photon in the
final state.
Let us now describe how one could extract the value Fˆ from (288). First of all one should dis-
tinguish between the two classes of diagrams describing the radiative process. The first class contains
bremsstrahlung diagrams where the photon is emitted from the B− or from the charged lepton leg. This
contribution vanishes in the limit mµ → 0 and is negligible also for finite lepton mass.
The relevant diagrams for this process are of the type depicted in fig. 10 [145]. Other possible diagrams
are chiral loop contributions, where, instead of the single particle intermediate state, one has a chiral loop
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Figure 10: Diagrams dominating the B− → ℓ−ν¯ℓγ decay mode in the limit mℓ → 0. B∗ is the vector
meson state, B∗∗ is the 1+ axial vector meson state.
with the B and a pseudoscalar particle (these contributions are discussed in [144]). One considers only
the resonant pole diagrams, for which no problem of double counting arises. Let us assume, following
[144] and [145], that in the pole diagrams the intermediate state is a JP = 1−(B∗) or a positive parity
B∗∗ meson. The amplitude with intermediate P (= B∗, B∗∗) state is written as follows:
M(P )SD =
GF√
2
VubA(B → Pγ) i
(p− k)2 −m2P
< 0|u¯γµ(1− γ5)b|P > lµ , (291)
where p and k are the B and photon momenta respectively, lµ = ℓ¯(pl)γµ(1 − γ5)ν(pν) is the lepton
current, A(B → Pγ) is the amplitude of the process B → Pγ, and P indicates the pole. When in (291)
one takes P = B∗, the matrix element becomes proportional to fB∗ ; therefore, if the contribution of the
higher mass resonances is negligible (and we shall see that this is indeed the case), and for light leptons
in the final state, the radiative flavour changing B decay can be used to measure the decay constant
fB∗ , provided the amplitude A(B∗ → Bγ) is known. A direct measurement of the B∗ width would be
extremely difficult (as mentioned in section 6.1, it is less than 1 KeV in all the models); however this
amplitude can be indirectly obtained by using the heavy flavour symmetry already employed in section
6.1 to relate the radiative D∗ and B∗ decays.
If the partial width Γ(D∗0 → D0γ) is measured (only the branching ratio is available so far, see table
1, then one could extract, from the amplitude
A(D∗a(v, η)→ Da(v′)γ(q, ǫ)) = i e
[
ec
Λc
+
ea
Λa
]
MD∗
√
MDMD∗ǫµναβǫ
∗µηνvαv′β , (292)
the mass constant Λa to be used in the formula giving A(B∗ → Bγ):
A(B∗a(v, η)→ Ba(v′)γ(q, ǫ)) = i e
[
eb
Λb
+
ea
Λa
]
MB∗
√
MBMB∗ǫµναβǫ
∗µηνvαv′β , (293)
The expression for the amplitude M(B∗)SD giving the contribution of the B∗ pole to the decay B− →
µ−ν¯µγ is therefore as follows:
M(B∗)SD =
C1fB∗
(v · k +∆)ǫµσαβ l
µǫ∗σvαkβ , (294)
where ∆ =MB∗ −MB, and C1 is given by:
C1 =
GF√
2
Vub
MB∗
2MB
√
MB∗MB e
[ eb
Λb
+
2
3Λ1
]
. (295)
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From (294) one can compute the contribution of the B∗ pole to BR(B− → µ−ν¯µγ) as a function of the
parameter Fˆ . Before considering some numerical predictions, let us study the effect of the B∗∗ pole, i.e.
the positive parity heavy meson having sℓ = 1/2 (only the axial vector states 1
+ can contribute as poles
to the decay; moreover, the state B1, having sℓ = 3/2, has vanishing coupling to the weak current in the
limit mb → ∞ [15] (see the discussion after (185); therefore only the state B1 (with sℓ = 1/2) gives a
contribution in the same limit.
The contribution of this state is:
M(B˜1)SD = i
C2fB1
(v · k +∆′) (ǫ · vkµ − v · kǫµ)l
µ (296)
where ∆′ =MB1 −MB ≃ 500MeV ,
< 0|b¯γµγ5q|B1(p, η) >= fB1MB1ηµ , (297)
and
C2 =
GF√
2
Vub
MB1
2MB
√
MBMB1e
[2ebτ1/2(1)
MB
+
ea
Λ′a
]
. (298)
The function τ1/2(v · v′) is the universal form factor, analogous to the Isgur-Wise function, that appears
in the matrix element of the heavy quark current Jhµ between a positive sℓ = 1/2 and a negative parity
heavy meson state. τ1/2(v · v′) has been introduced in [148] and computed in [149] by QCD sum rules,
with the result τ1/2(1) ≃ 0.24.
Using this input and the ratio (fB1/fB∗)(ΛaΛ
′
a) estimated in [145], one obtains
Γ(B1)
Γ(B∗)
≃ 0.1 , (299)
which confirms the previous hypothesis, i.e. that the B1 pole represents only a small contribution to the
final result.
The results are sensitive to the experimental input Γ(D∗0 → D0γ). For reasonable values of this
quantity, which has not been measured yet, one finds for BR(B− → µ−ν¯µγ) a result in the range
10−7 − 10−6, i.e. a radiative branching ratio larger than the leptonic BR(B− → µ−ν); the enhancement
is obviously still higher if the electron leptonic decay channel is considered, which contributes by a factor
of 2. Therefore, in principle, the decay channel B− → µ−ν¯µγ can be used as a way to measure the
leptonic B∗ decay constant.
6.3 Weak radiative decays: B → V γ
This section is devoted to the analysis of the exclusive flavour changing radiative B decays with a vector
meson in the final state. These channels, at short distances, are described by processes
b→ sγ (300)
or
b→ dγ , (301)
which are dominated by a penguin diagram with the top as intermediate quark; these decays have been
intensively studied in the past [150] and experimental data have been collected both for the inclusive
decay [151]:
BR(B → Xsγ) = (2.32± 0.57± 0.35)× 10−4 , (302)
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and for the exclusive decay process
B → K∗γ (303)
for which the following result has been obtained [152]:
BR(B → K∗γ) = (4.3+1.1−1.0 ± 0.6)× 10
−5 . (304)
The process (303) has been studied within the framework of the heavy quark effective theory [153, 154,
155, 58, 156] (for reviews see [157]), by QCD sum rules [158, 159, 160, 161], [162] or Lattice QCD [163].
In this section we shall review the application of the heavy meson effective chiral lagrangian [164] to the
decay process (303) as well as to the other exclusive decay channels
Bs → φγ (305)
B → ργ (306)
B → ωγ . (307)
Before doing this, let us consider however the simpler approach already considered in section 5.3.1,
consisting in the application of the light and heavy flavour symmetries [155].
Let us begin with the b → sγ transition. All the exclusive processes arising from this elementary
decay are dominated at the quark level by the short distance b→ sγ hamiltonian [150] given by
Hγ = Cmbs¯σ
µν(1 + γ5)bFµν + h.c. (308)
(neglecting terms of order ms/mb). Fµν is the electromagnetic tensor, σµν =
i
2 [γµ, γν ] and C is given by
C =
GF√
2
e
16π2
VtbV
∗
tsF2
(
m2t
m2W
)
(309)
where F2 is a factor including perturbative QCD corrections, and slightly dependent on the top quark
mass. For mt = 175 GeV, it has the value: F2 = 0.63. Together with the short distance hamiltonian, one
should take into account also long distance effects, such as transitions mediated by four quark operators;
they will be discussed below.
The short distance hadronic matrix element relevant to the transition B¯ → K∗γ (B¯ = B− or B¯0) can
be expressed as follows:
〈K∗(p′, ǫ)|s¯σµν(1 + γ5)b|B¯(p)〉 = i
{
A(q2)
[
pµǫ∗ν − pνǫ∗µ − iǫµνλσpλǫ∗σ
]
+ B(q2)
[
p′µǫ∗ν − p′νǫ∗µ − iǫµνλσp′λǫ∗σ
]
+ H(q2)(ǫ∗ · p) [pµp′ν − pνp′µ − iǫµνλσpλp′σ]} (310)
where we have used the property i2ǫ
µνλσσλσγ5 = −σµν .
Now, as first noted in [153], as a consequence of the equations of motion of the heavy quark
1 + v/
2
b = b , (311)
in the b rest frame one has
γ0b = b , (312)
which means that
q¯aσ0i(1 + γ5)Q = −iq¯aγi(1− γ5)Q . (313)
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Therefore the form factors (310) can be related to those describing the weak semileptonic transition
B → K∗ (or B → ρ, using SU(3) symmetry). In computing the width for the decay B → K∗γ only
the combination of form factors A+B is relevant, whereas H(q2) contributes to amplitudes with virtual
photons. Using (313), the form factors A, B and H are related to the form factors V , A1 and A2 as
follows:
A(q2) = i
{
q2 −M2B −m2K∗
MB
V (q2)
MB +mK∗
− MB +mK∗
MB
A1(q
2)
}
(314)
B(q2) = i
2MB
MB +mK∗
V (q2) (315)
H(q2) =
2i
MB
{
V (q2)
MB +mK∗
+
1
2q2
q2 +M2B −m2K∗
MB +mK∗
A2(q
2)
}
. (316)
These relations are strictly valid for q2 ≈ q2max. However, following [153, 165, 58] (see however [156] ),
one can assume their validity down to the value q2 = 0 which is the kinematical point relevant for decays
with a real photon in the final state.
In order to compute A(0)+B(0), one needs the values of the form factors for the transition B → K∗;
they have been computed by D → K∗ semileptonic decays using heavy flavour symmetry (see table 5 of
section 5.3.1, neglecting SU(3) flavour breaking). Using the soft pole column result, we have V B→K
∗
(0) =
0.64 and AB→K
∗
1 (0) = 0.21. We observe, however, that, on the basis of the scaling relations given in the
previous section, eq. (241), since in this case we assume the same pole behaviour for V (q2) and A1(q
2),
the term in A1 in eq.(314) is subleading (in 1/mQ) for any value of q
2 > 0 and should be neglected in
comparison to the term proportional to V (q2), if one works consistently at a given order in the 1/mQ
expansion. In this way one gets the result:
|A(0) +B(0)| = 0.53 . (317)
Following the discussion in section 5.3.1, we may estimate for this result a theoretical uncertainty of at
least ±30%. We consider now the radiative width, which is given by
Γ(B → K∗γ) =
(
M2B −m2K∗
2MB
)3
2|C|2m2b
π
|A(0) +B(0)|2 . (318)
One gets
BR(B → K∗γ) =
[
2.4× (|Vts|/0.039)2
]
× 10−5 . (319)
In the previous formula we have used |Vtb| ≃ 1, mb = 4.7 GeV and τB+ ≃ τB0 ≃ τBs ≃ 1.55 ps. The
result based on (317) agrees within the errors with the experimental finding (304). It should be noted
that eq.(319) does not include long distance effects due the cc¯ quark loop [166] that raise the branching
ratio by ≈ 20%, thus improving the agreement; we shall discuss them in more detail below. A similar
analysis, with obvious changes, applies to the decay Bs → φγ and one obtains
BR(Bs → φγ) ≈ BR(B → K∗γ) , (320)
due to approximate SU(3) light flavour symmetry.
Now we discuss how the b → sγ exclusive decays can be described by the effective chiral lagrangian
approach.
At the lowest order in the derivatives of the pseudoscalar field, the weak tensor current between light
pseudoscalar and negative parity heavy mesons is as follows:
Laµν = i
Fˆ
2
< σµν(1 + γ5)Hbξ
†
ba > , (321)
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and it has the same transformation properties of the quark current q¯aσµν(1+ γ5)Q. Together with (321)
we also consider the weak effective current (179) corresponding to the quark V −A current q¯aγµ(1−γ5)Q:
Laµ = i
Fˆ
2
〈γµ(1− γ5)Hbξ†ba〉 . (322)
We put the same coefficient iFˆ /2 in both (321) and (322) because, due to (313), the relation
L0i = −iLi (323)
must be satisfied.
We also introduce the weak tensor current containing the light vector meson ρα and reproducing the
bilinear q¯aσµν(1 + γ5)Q
Lµν1a = iα1
{
gµαgνβ − i
2
ǫµναβ
}
〈γ5Hb [γα(ρβ − Vβ)bc − γβ(ρα − Vα)bc] ξ†ca〉 . (324)
Lµν1a is related to the vector current L
µ
1a, eq. (184), introduced to describe at the meson level the quark
current operator q¯aγµ(1− γ5)Q taken between light vector particles and heavy mesons:
Lµ1a = α1〈γ5Hb(ρµ − Vµ)bcξ†ca〉 (325)
(we keep only the leading term in 1/mQ). We notice that in order to construct the tensor current we
have imposed (323).
To compute B → K∗γ we consider a pole diagram having as intermediate state between the current
and the BK∗ system either a 1+ or a 1− heavy meson; moreover we add a direct term. The effective
lagrangian and the effective tensor currents can reliably describe the process only for large values of q2,
i.e. q2 ≈ q2max = (MB −mK∗)2. This is a general feature of the chiral lagrangian approach. Again, in
order to extend our results to small values of q2, we shall assume a polar dependence in q2 (with pole
mass suggested by dispersion relations). By following a procedure similar to section 5.3.2, we obtain the
results of table 10 that are valid for any q2 and in the limit mQ → ∞. We notice that in writing the
various contributions in table 10 we have left the dependence of p · p′ on q2, p · p′ = (M2B +m2K∗ − q2)/2,
in the term arising from the 1− pole and we have assumed that the direct term has a pole dependence
with mass given by the 1+ pole. These choices can be justified as follows. The results in table 10 satisfy,
for q2 ≈ q2max, the relations (314 - 316) between form factors of vector and tensor currents. Eqs. (314)
and (315) coincide with the relations found in ref. [153]; as for (316), the result of [153]:
H(q2) =
2i
MB
{ V (q2)
MB +mK∗
+
1
2q2
(q2 +M2B −m2K∗
MB +mK∗
A2(q
2)
+ 2mK∗A0(q
2)− (MB +mK∗)A1(q2)
)}
(326)
differs from (315) for terms that are subleading in the limit mQ →∞ and can be neglected.
Following [153] and [165] and our previous discussion, we assume that the results (314 - 316) hold
also for small values of q2, which justifies the above mentioned choices in table 10.
Before computing the entries of table 10 let us observe that the results in the columns ”Direct” and
1+ are subleading as compared to those in the column 1−. In other terms
(A+B)Direct+1+
(A+B)1−
= O
(
1
mb
)
(327)
for any value of (positive) q2. Therefore, consistently with the neglect of the O(1/mb) contributions, we
do not keep them, which means that only the term arising from the exchange of the 1− particle is taken
into account. In this way one obtains:
A(q2) +B(q2) = −i
√
2
MB
Fˆ λgV
M2B∗s
(q2 +MB −m2K∗) , (328)
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Table 10: Terms contributing to the various form factors of the transition B → K∗γ. mP is the pole
mass (mP = 5.9 GeV for the direct and 1
+ term; and 5.43 GeV for the 1− contribution). p · p′ =
(M2B +m
2
K∗ − q2)/2.
Form Factor Direct 1− 1+
A(q2)
i
√
2gV α1√
MB
q2max −m2P
q2 −m2P
i2
√
2Fˆ λgV (p · p′)
(m2P − q2)
√
MB
−i√2MBFˆ+gV (ζ − 2µmK∗)
m2P − q2
B(q2) 0
−i2√2Fˆ λgVM3/2B
m2P − q2
0
H(q2) 0
−i2√2Fˆ λgV
(m2P − q2)
√
MB
−i2√2MBFˆ+gV µ
(m2P − q2)MB
Table 11: Theoretical values of the B → K∗γ coupling |A(0) + B(0)| in different approaches: soft pole,
chiral lagrangian, QCD sum rules calculations based on the evaluation of three point function and light
cone sum rules respectively.
Model |A(0) +B(0)|
soft pole (sec.5.3.1) 0.53
χ-lagrangian eq.(328) 0.41
QCD sum rules [159] 0.70± 0.10
QCD sum rules [161] 0.64± 0.10
which gives, for Fˆ = 0.30 GeV3/2, gV = 5.8 (see eq. (67)) and λ = −0.41 GeV−1 (eq.(287)), the result:
|A(0) +B(0)| = 0.41, (329)
and, therefore, BR(B → K⋆γ) =
[
1.4× (Vts/0.039)2
]
× 10−5. A similar analysis, with obvious changes,
applies to the decay Bs → φγ. In this case one obtains |A(0) + B(0)| = 0.42 and BR(Bs → φγ) =[
1.6× (Vts/0.039)2
]
× 10−5. In table 11 we compare the analyses based on the scaling approach and
on effective chiral lagrangian to the results of QCD sum rule calculations [159, 161]; other QCD sum
rules analyses [160, 162] agree with [159] and [161]. We note that the results based on the use of the
heavy flavour symmetry (first and second row in the table) are generally smaller than the QCD sum rules
outcome.
Also lattice QCD [163] has been used to compute the transition B → K∗γ; however in this approach
the couplings for this decay are computed near the zero recoil point and for a heavy quark mass smaller
than its physical value. Therefore a double extrapolation is needed to compute them and it is hard to
compare these outcomes, that should be considered as still preliminary, with QCD sum rules or chiral
lagrangian approaches. As for the comparison with the experimental data, as we have already mentioned,
one should take into account also the so called long distance (LD) effects, that we now discuss.
Let us begin with the decays (306) and (307), where these effects are larger. The decays B → ργ and
B → ωγ take contributions both from the short distance and the long distance mechanisms. The former
is generated by a hamiltonian similar to eq. (308), with obvious modifications (s→ d and Vts → Vtd). For
it an analysis similar to the one employed in B → K∗γ applies, but it is obvious that this contribution
is Cabibbo suppressed as compared to B → K∗γ, which can explain why the ργ final state is more
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difficult to measure (and indeed it has not been observed yet). Because of the smallness of the short
distance contribution, LD effects are more important in these decays than in B → K∗γ or Bs → φγ .
For B+ → ρ+γ decay, their contribution has been estimated by QCD sum rules [167, 168]. The ratio of
the long distance to the short distance amplitudes, as expressed by
ALD(B
+ → ρ+γ)
ASD(B+ → ρ+γ) = R
∣∣∣∣VubVudVtdVtb
∣∣∣∣ , (330)
is estimated to be [167]: R = −0.30± 0.07, i.e. a significant contribution. LD effects mainly contribute
to the weak annihilation diagrams and are therefore relevant for B+ → ρ+γ, but less important for
B → ρ, ωγ. For B → K∗γ one does not expect significant contributions from the weak annihilation
diagrams because of the CKM suppression (CKM non suppressed terms can contribute by non factorizable
diagrams, whose role, however, has been found to be very small [169]). Other LD contributions come
from the four quark operator O2 ≈ c¯LγµcLs¯LγµbL (or O2 ≈ c¯LγµcLd¯LγµbL for B → ργ). It contributes
via a charm quark loop (the up quark loop gives a negligible contribution), with the photon emitted by
the charm quark line, and adds about 20% to the B → K∗γ width [166]; by duality this contribution
may be seen as the result of a mechanism where K∗J/ψ are produced via O2, with photon conversion
of J/ψ [170, 171, 172, 173]; even though less reliable, the estimates of LD contributions based on this
mechanism seem to agree [170] with the result of the charm loop calculation. Similar results hold also
for the B → ργ decays [166, 174, 175].
6.4 Weak radiative decays: B → Ke+e−, B → K∗e+e−
In this section we discuss the decays
B → Ke+e− (331)
B → K∗e+e− . (332)
They occur dominantly via a quark process b→ sγ∗ → se+e− (γ∗ = virtual photon). In the effective
lagrangian for b→ se+e− we have to include also the already mentioned long-distance contributions; they
produce ψ− γ or ψ′− γ conversion, and are seen as peaks in the lepton pair invariant mass distribution.
The effective lagrangian has been derived in [176], [177] and we shall not report it here for the sake of
simplicity.
Let us begin with B → Ke+e−. The transition B → Kγ can occur only by virtual photons and is
described at short distance by the hamiltonian (308) and, therefore, by the hadronic matrix element
〈K(p′)|s¯σµν(1 + γ5)b|B¯(p)〉 = iS(q2)
[
pµp′ν − pνp′µ − iǫµνλσpλp′σ
]
. (333)
The form factor S(q2) can be related, by using the heavy quark equation of motion and eq. (313), [153],
to the form factors F1(q
2) and F0(q
2) for the weak transition B → K via the vector current. In this way
one finds [153]:
S(q2) =
1
MB
[
−F1(q2) + m
2
K −M2B
q2
(
F1(q
2)− F0(q2)
)]
. (334)
Let us now consider the calculation of the transition B → K by tensor current in the effective chiral
lagrangian approach [164]. At the tree level the relevant hamiltonian is given by (321) together with the
strong hamiltonian BB∗π of eq. (40). The short distance diagrams are similar to those of B → K∗γ,
that we have described in some detail in the preceeding section. In this case, however, at tree level, there
is no direct coupling, and the only surviving term, in the limit mb → ∞, and for q2 ≈ q2max, is the pole
contribution.
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Assuming a q2 dependence of a simple pole, with MP = MB∗s (as discussed before, this seems a
reasonable assumption for F1 related form factors), one gets the result:
S(q2) =
S(0)
1− q2/M2B∗s
(335)
with
S(0) =
Fˆ g
fπM2B∗s
√
MB
(MB∗s +MB −mK) . (336)
When expressed in terms of the form factors of the B → K transition by vector current, this result is:
S(q2) = −2F1(q
2)
MB
(337)
which coincides with the Isgur and Wise relation (334) only at q2 ≈ q2max and MB → ∞, namely in the
range of validity of the effective hamiltonian. Exactly as in the case of B → K∗γ transition, we find that
some form factors (in this case F0) are subleading when mQ → ∞, which is expected because the 0+
state, contributing to F0, cannot couple to the antisymmetric tensor current s¯σµν(1 + γ5)b.
The numerical result of this analysis is as follows: using g ≃ 0.38 and Fˆ = 0.30 GeV3/2, one obtains
S(0) ≃ −0.13 GeV−1 . (338)
This result already contains some SU(3) corrections, namely in the meson masses, but the bulk of the
chiral corrections should come from loops containing pseudoscalar bosons (π, K and η). They have been
computed in [68]. Three classes of corrections are found. First one has correction to the pole amplitude
(336); second there are corrections to the direct term (called point contribution in [68]); last there is
the renormalization of the B meson wavefunction. Taking into account only the nonanalytic corrections
that arise from the loop diagrams, and having no uncertainty related to unknown analytic higher order
terms in the phenomenological lagrangian, one finds [68] a correction of −51% to the dominant pole
contribution (the correction to the direct term is much smaller).
This analysis, as stressed in [68], is not conclusive, since the analytic corrections could be significant;
nevertheless it is interesting to observe that, with the nonanalytic correction alone, the outcome of the
effective chiral lagrangian becomes S(0) ≈ −0.06 GeV−1, which is compatible with the result of a QCD
sum rules analysis based on three point functions [178]: S(0) = −0.05± 0.01 GeV−1 .
The results we have reported, together with the long distance contributions [176, 177], can be used
to obtain the distribution dΓ(B → Ke+e−)/dq2 in the invariant mass squared of the lepton pair Q2.
This distribution is dominated by the contribution of the resonances J/ψ and ψ′; however, as discussed
for instance in [178], for Q2 far from the resonance masses, one could still obtain from the data, when
available, useful information on the short distance dynamics.
The same analysis can be performed for dΓ(B → K∗e+e−)/dQ2. The long distance contribution
can be evaluated starting from experimental data on the nonleptonic decay modes B → K⋆J/ψ and
B → K⋆ψ′. For the short distance part one needs the form factors A(q2), B(q2) and H(q2) we have
defined in eq. (310). In the effective lagrangian approach one finds, from table 10
A(q2) =
i
√
2Fˆ λgV (m
2
B +m
2
K∗ − q2)
(M2B∗s − q2)
√
MB
(339)
B(q2) =
−i2√2Fˆ λgVM3/2B
M2B∗s − q2
(340)
H(q2) =
−i2√2gV√
MB
[
Fˆ λ
M2B∗s − q2
+
Fˆ+µ
MB∗∗s − q2
]
(341)
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where B∗∗s is the 1
+ s¯b resonance. A(0) and B(0) have been discussed in section 6.3; as for H(0), using
(287) and the result of section 5.3.2 (obtained with r = 0.5): µ = −0.10 GeV−1, together with Fˆ = 0.30
GeV3/2 and Fˆ+ = 0.46 GeV3/2, eq. (183), one gets:
|H(0)| = 0.04 GeV−2 (342)
to be compared with the QCD sum rule result [178] |H(0)| ≈ 0.10 GeV−2. Analogously to the A(0)+B(0)
case (see table 11), we see that the chiral lagrangian approach at tree level gives significantly smaller
results than QCD sum rules, which might indicate either a relevant 1/mQ correction or, most probably,
a relevant contribution from chiral loop, similarly to the case of S(0) discussed above.
The distribution in the invariant mass of the lepton pair is largely dominated by the long distance
contributions [179, 172], exactly as for the Ke+e− final state; nevertheless an accurate measurement of
the lepton pair spectrum below cc¯ resonances would display the effects of the short distance hamiltonian.
This measurement would therefore complement the analysis of the B → K∗γ decay process, providing
further information on the fundamental parameters appearing in the short distance hamiltonian as well
as on the validity of the effective lagrangian approach.
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7 Symmetries for heavy quarkonium states
Quarkonium, a heavy quark-antiquark bound state, is one of the most interesting systems for the study of
quantum chromodynamics (QCD). The physical idea is that quarks with mass larger than the QCD scale
ΛQCD would form bound states resembling positronium [180]. Many properties of quarkonium can be
predicted by the use of non-relativistic potential models. The overall description one obtains in this way
for the charmonium and bottomonium spectroscopies is quite satisfactory provided corrections originated
by leading relativistic terms are included and the possible multichannel structure of the phenomenon is
taken into account for certain expected effects [180].
The heavy quark and anti-quark are bound in these models by an instantaneous potential, meaning
that gluons have typical interaction times much shorter than the time scale associated with the motion of
the heavy quarks. We indicate with k the relative momentum and with vr = k/mQ the relative velocity
between the two heavy quarks of massmQ. It is interesting to examine the dependence of these quantities
on the quark mass.
For instance, Buchmu¨ller and Tye [181] have studied a QCD-motivated potential reproducing the
behaviour 1/r for small r, and behaving as r at large distances (this model is similar to the model in
[55]). Analogous results can be obtained using other models, such as Quigg and Rosner [182] or Grant
and Rosner [183], indicating that, by increasing the quark mass, the kinetic energy and the residual
momentum increase, whereas the relative velocity decreases. Going further up with the mass mQ, the
heavy quarks separation becomes smaller, and eventually the Coulomb term of the potential energy,
proportional to αs/r will dominate (αs is the strong coupling constant evaluated at the momentum scale
1/r). Taking r of the order of the size of the bound state 1/(mQvr) in the potential energy and equating
its average value to the kinetic term we get < vr >≈ αs, with αs evaluated at the momentum scalemQvr,
going to zero in the limit mQ → ∞. We notice that in such a coulombic regime the relative velocity
decreases logarithmically.
Concerning the spin symmetry, the coupling of the gluon to the spin of the heavy quark is expected
to be of the order pg/mQ, with the gluon momentum pg ≈ k. Therefore the quantity k/mQ = vr gives
information on the degree of spin decoupling, and strictly in the limit mQ → ∞ one has an exact spin
symmetry.
The heavy quark flavour symmetry, on the contrary, is badly broken in quarkonium systems. In general
the gluon radiation exchanged between static quarks gives rise to infrared divergences. In a bound state,
potential and kinetic energy play a delicate balance against each other [184]. The regularization of the
infrared divergences then implies a large breaking of flavour symmetry because of the explicit appearance
of the heavy quark mass in the kinetic energy.
For charmonium, potential models give < vr >≈ 0.5, for bottomonium < vr >≈ 0.25; one expects
corrections, even important, to the “leading order” velocity and spin symmetry description, especially
for charmonium.
7.1 Non-relativistic QCD description
An effective approach to quarkonium is given by the non-relativistic heavy quark QCD description,
which provides a general factorization formula for annihilation decay rates of heavy quarkonium [185]. It
consists in exploiting the fact that in quarkonium the heavy quark moves with a small relative velocity and
nonrelativistic quantum chromodynamics (NRQCD) is a good approximation. The lowest order dynamics
is given by the Schro¨dinger equation for the heavy quarks. The resulting effective theory [186] consists in
fact of a nonrelativistic Schro¨dinger field theory for the heavy quarks coupled to the relativistic theory
for gluons and light quarks. Relativistic corrections can be included systematically into this picture at
any given order in the heavy quark velocity v.
In this framework the scales entering the problem are written in terms of the heavy quark velocity v
and mass mQ. As shown before, the typical velocity of the heavy quark decreases as the mass increases.
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When mQ is sufficiently large, the heavy quark and antiquark are non-relativistic (v << 1) and the scales
mQ, mQv (typical three-momentum of the heavy quark in the meson rest frame), and mQv
2 (typical
kinetic energy) are well separated:
Λ2QCD ≪ (mQv2)2 ≪ (mQv)2 ≪ m2Q (343)
In NRQCD the effects at the scale mQ are taken into account through the coupling constants of 4-
fermion operators, while the effects of the lower momentum scales mQv, mQv
2, and ΛQCD are included
into matrix elements organized in terms of their dependence on v2. The lagrangian is obtained from
QCD by introducing an ultraviolet cut-off of the order mQ, which excludes relativistic heavy quarks from
the theory. It also excludes light quarks and gluons with momenta of order mQ. Then the heavy-quark
and heavy-antiquark degrees of freedom are decoupled by a Foldy-Wouthuysen transformation. The full
NRQCD lagrangian consists of the part describing the heavy quarks and anti-quarks in terms of a non-
relativistic Schro¨dinger theory with separate two-component fields for the quarks and anti-quarks Lheavy ,
plus a fully relativistic part for the light quarks and gluons Llight, plus a correction term δL reproducing
the relativistic effects of full QCD in terms of new local interactions:
LNRQCD = Llight + Lheavy + δL (344)
with
Lheavy = ψ†
(
iDo +
D
2mQ
)
ψ + χ†
(
iD0 +
D
2mQ
)
χ , (345)
where ψ and χ are the two component fields for quarks and anti-quarks and D0 and D are the time
and space components of the covariant derivative. The term δL contains all possible gauge invariant
counterterms, whose coefficients must be matched with QCD in order to avoid ultraviolet divergences
in the calculation of long distance quantities and to reproduce the results of full QCD. In principle the
NRQCD lagrangian consists of infinitely many terms. However they can be classified in powers of the
heavy quark velocity v and their relative importance can be established.
The annihilation of quarkonium can be reproduced in this framework only indirectly, through its
effects on QQ¯ scattering amplitudes. At long distance, these amplitudes can be described adding to
the lagrangian four fermion operators that annihilate and create a heavy quark-antiquark pair. Due to
the optical theorem the imaginary parts of the coefficients of the four fermion operators are related
to the annihilation of heavy quarkonium. It should be noted that the annihilation decay rates for
heavy quarkonium are small perturbations of the energy levels. In this approach the contributions to
annihilation widths from the dimension-6 four fermion operators contain extra suppression factors, due to
the coefficients of the operators. The widths are of order α2s(mQ)v or smaller, while the splitting between
radial excitations is of order mQv
2.
7.2 Heavy quarkonium effective theory
Quarkonium, in the heavy quarkonium effective theory [187, 188, 189] is described as a bound state in
the particle-antiparticle sector of the HQET [2, 3, 4]. In quarkonium systems the internal motion of the
heavy quarks cannot be neglected due to the delicate balance between the potential and kinetic energy
in the bound state. This suggests to go beyond the static limit to describe quarkonia states. One must
therefore keep the kinetic energy operator even when working at the lowest order. The kinetic energy
operator is spin symmetric, but it includes a factor of 1/mQ. Therefore heavy flavour symmetry is lost
while spin symmetry is still present. The leading order lagrangian is [188]:
L0 = h¯(+)v (ivD)h(+)v + h¯(+)v
(iD)2
2mQ
h(+)v − h¯(−)w (iwD)h(−)w + h¯(−)w
(iD)2
2mQ
h(−)w , (346)
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where as usual a sum over heavy quark velocities is understood. The heavy field is obtained from the
field Q of QCD by removing the dominant part of the heavy quark momentum:
Q = exp(−imQvx)
(
1 +
1 + v/
2
D/
2mQ
+O(1/m2Q)
)
h(+)v (x) (347)
and h
(+)
v describes a quark with velocity v. In a similar way h
(−)
w describes an anti-quark moving with
velocity w. The lagrangian in (346) is the starting point of an effective lagrangian description of heavy
quarkonium decays. The two velocities of the heavy quarks differ only by a quantity of the order of
ΛQCD/mQ so that it is convenient to work in the limit in which the two heavy quark velocities become
equal. This limit can be taken consistently starting from the effective lagrangian (346). In any case a mass
dependence in the lowest order dynamics is unavoidable so that heavy flavour symmetry is destroyed.
In this picture spin symmetry, as we anticipated, still holds since the kinetic energy operator is spin
symmetric.
As to relativistic corrections (proportional to the relative velocity of the heavy quarks) and non-
perturbative corrections, they turn out to have the same origin in this approach, namely they come
from higher order terms of the 1/mQ expansion. Short and long distance contributions for the inclusive
annihilation decays are separated by means of the operator product expansion. The distance scale is
given by the Compton wavelength of the heavy quark. The annihilation rates are written in an expansion
in (Λ˜/mQ) where Λ˜ is the inverse Bohr radius of the system. The coefficients of this expansion can be
calculated perturbatively.
This approach is similar to the one of non-relativistic QCD and in fact in that case the lowest order
dynamics is basically the one obtained by adding the kinetic energy operator to the static HQET part.
The two approaches are not completely equivalent though: for example if we consider two operators like
the gluon field strength [iD, iD] and (iD)2, they have the same dimension, but they are not equivalent if
an expansion in relative velocity v/c is considered, as in the case of NRQCD (for a detailed comparison
of the two approaches see [189]). In any event if the same set of assumptions is applied in the two cases,
both the approaches yield the same results up to the order (Λ˜/mQ)
2.
7.3 Heavy-meson effective theory
This approach consists in constructing a heavy meson multiplet field and writing a lagrangian including
the exact and approximate symmetries of the problem [190]. The procedure is analogous to the one
introduced in the preceeding chapters of this review treating of heavy-light mesons. Symmetry breaking
terms can be easily added to the formalism as we shall show in the following. The velocity description
and spin symmetry are still useful, but flavour symmetry is broken. As in the single heavy quark case
[10, 11, 12], an effective lagrangian describing the low-momentum interactions of heavy quarkonia with
light mesons can be written down. The heavy quarkonium multiplets are described by a simple trace
formalism [6], which can be also applied to the description of the Bc system.
7.3.1 Heavy quarkonium states
A heavy quark-antiquark bound state, characterized by the radial number m, the orbital angular mo-
mentum l, the spin s, and the total angular momentum J , is denoted by:
m 2s+1lJ (348)
Parity P and charge conjugation C, which determine selection rules for electromagnetic and hadronic
transitions, are given by:
P = (−1)l+1 (349)
C = (−1)l+s (350)
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and are exactly conserved quantum numbers for quarkonium, together with J . If spin dependent inter-
actions are neglected, it is natural to describe the spin singlet m 1lJ and the spin triplet m
3lJ by means
of a single multiplet J(m, l). For the case l = 0, when the triplet s = 1 collapses into a single state with
total angular momentum J = 1, this is readily realized:
J =
(1 + v/)
2
[Hµγ
µ − ηγ5] (1− v/)
2
. (351)
Here vµ denotes the four velocity associated to the multiplet J ; Hµ and η are the spin 1 and spin 0
components respectively; the radial quantum number has been omitted. The expressions for the general
wave Jµ1...µl are given in the appendix C. In the sequel Kµ1...µll represents the spin singlet component
1lJ , H
µ1...µl+1
l+1,l,l−1 the spin triplet
3lJ in the wave J
µ1...µl .
From eqs. (349) and (350) one has the following transformation properties of Hl and Kl under parity
and charge conjugation:
H
µ1...µl+1
l+1
P→ H l+1µ1...µl+1
Hµ1...µll
P→ −H lµ1...µl
H
µ1...µl−1
l−1
P→ H l−1µ1...µl−1
Kµ1...µll
P→ −K lµ1...µl (352)
H
µ1...µl+1,l,l−1
l+1,l,l−1
C→ (−1)l+1Hµ1...µl+1,l,l−1l+1,l,l−1
Kµ1...µll
C→ (−1)lKµ1...µll (353)
As one can easily verify, the previous transformations laws are reproduced by assuming that the multiplet
Jµ1...µl transforms as follows:
Jµ1...µl
P→ γ0Jµ1...µlγ0
vµ
P→ vµ (354)
Jµ1...µl
C→ (−1)l+1CJµ1...µlTC (355)
where C = iγ2γ0 is the usual charge conjugation matrix.
Under heavy quark spin transformation one has
Jµ1...µl → SJµ1...µlS′† (356)
with S, S′ ∈ SU(2) and [S, v/] = [S′, v/] = 0. As long as one can neglect spin dependent effects, one will
require invariance of the allowed interaction terms under the transformation (356).
Finally under a Lorentz transformation Λ we have:
Jµ1...µl → Λµ1ν1 . . .ΛµlνlD(Λ)Jν1...νlD(Λ)−1 (357)
where D(Λ) is the usual spinor representation of Λ.
7.3.2 Bc meson states
The study of Bc meson decays gives important information about the QCD dynamics and the weak
interactions; moreover the Bc system allows to use theoretical insight and phenomenological information
obtained from charmonium and bottomonium. One important difference is that the total widths of
excited Bc levels are about two orders of magnitude smaller than the total widths of charmonium and
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bottomonium excited levels, as the excited Bc system does not have strong or electromagnetic annihilation
decay channels and can only decay weakly. For the Bc there is a large probability for the decay modes with
a heavy meson in the final states as it can be seen in a simple constituent quark picture. The Bc mesons
spectra and their decay modes have been studied using potential models (see for example [191, 192,
193, 194, 195]), lattice calculations [196] and QCD sum rules [197]. QCD perturbative calculations [198]
and fragmentation functions [199] were used to study its production. The approximate spin symmetry
independence of the system can be implemented in an effective meson lagrangian and the corresponding
symmetry relations impose restrictions on the form factors of the exclusive weak semileptonic decays of
Bc [200]. In the following we shall consider only this effective theory approach, as it is related to the
material of the previous section. The consequences of spin symmetry for hadronic matrix elements may
be derived using a trace formalism [6, 200] analogous to the one used for quarkonium:
H(cb¯) =
(1 + v/)
2
[B∗µc γµ −Bcγ5]
(1− v/)
2
(358)
where H(cb¯) is the 4 × 4 matrix representing the lowest-lying pseudoscalar and vector meson cb¯ bound
states. Under spin symmetries on the heavy quark and antiquark, the heavy meson field transforms as
H(cb¯) → Sc H(cb¯) S†b (359)
The definitions are analogous to the ones given for quarkonium. We shall not examine these systems any
longer and we shall refer the interested reader to the existing literature, since no experimental data are
available yet, and, therefore, the analysis would be only speculative. To give only an example, it has been
suggested that the above formalism can be applied to the study of the semileptonic decay Bc → Dℓν,
which could provide a way of extracting the mixing angle |Vub| [200].
8 Heavy quarkonium decays
The heavy quark spin symmetry leads to general relations for the differential decay rates in hadronic
transitions among quarkonium states that essentially reproduce the results of a QCD double multipole
expansion [201] for gluonic emission. Further use of chiral symmetry leads to differential pion decay
distributions valid in the soft regime [190], [202] (see also [203]). At the lowest order in the chiral
expansion for the emitted pseudoscalars we find a selection rule allowing only for even (odd) number of
emitted pseudoscalars for transitions between quarkonium states of orbital angular momenta different by
even (odd) units. Such a rule can be violated by higher chiral terms, by chiral breaking, and by terms
breaking the heavy quark spin symmetry. Specialization to a number of hadronic transitions reproduces
by elementary tensor construction the known results from the expansion in gluon multipoles, giving a
simple explanation for the vanishing of certain coefficients which would otherwise be allowed in the chiral
expansion. In certain cases, such as for instance 3P0 → 3P2ππ, 3P1 → 3P2ππ, or D − S transitions
via 2π, the final angular and mass distributions are uniquely predicted from heavy quark spin and lowest
order chiral expansion.
The effective heavy-meson description of quarkonium does not seem to present special advantages to
describe heavy quarkonium annihilation.
At the heavy quark level such annihilations can be described introducing four-fermion operators. The
optical theorem then relates heavy quarkonium annihilation rates to the imaginary part of QQ¯ → QQ¯
scattering amplitudes.
Heavy quarkonium annihilations were among the first tests of perturbative QCD on the assumption
that one could factor out the non-perturbative bound state features and use asymptotic freedom to
calculate the quark-antiquark short distance annihilation process. Such an approach has met a general
phenomenological success and indeed it has provided a basic support to the quarkonium picture and
to the asymptotic freedom. Calculations for P state annihilation were however disturbed by infrared
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divergences [204] appearing within the simplest perturbative-nonperturbative separation scheme and
requiring a suitable prescription to obtain physical predictions. The separation between short distance and
long distance effects in P -states has been recently reexamined [205], leading to a factorization prescription
which introduces an additional long-distance parameter setting the problem of infrared regularization.
Very recently the theoretical and experimental analysis of quarkonium production has given interesting
results. In the following we shall concentrate on quarkonium decays. It is worth mentioning that a new
set of data [206] has encouraged to deepen the theoretical understanding of quarkonium production from
suitable models [207] to more sophisticated calculations in the framework of QCD [208].
8.1 Radiative decays
Here we discuss radiative transitions QQ¯ → QQ¯γ, where the recoiling system QQ¯ has a mass close to
that of the radiating system. In such a case radiative transitions are usually studied in the framework
of multipole radiation. Radiation can occur through electric or magnetic multipole transitions, when
allowed by the conservation rules of spin, parity and charge conjugation. Radiative decays provide a
simple test of the formalism. We expect that this approach should reproduce the well established results
of QCD motivated potentials [209]. The application demonstrates the power of the formalism in the
evaluation of radiative decay amplitudes between the S− and P−wave states, both for charmonium and
bottomonium. If absolute predictions are to be made, the formalism requires data to fix the unknown
parameters in the effective lagrangian.
The analysis of radiative decays in quarkonium can also be carried out directly in terms of reduced
matrix elements of the appropriate interaction Hamiltonian, using the usual angular momentum proce-
dures [210]. The two procedures are equivalent, as in this approach spin and angular momentum are
described directly within the multiplet field.
We write the lagrangian for radiative decays as follows:
L =
∑
m,n
δ(m,n) < J(m) Jµ(n) > vνF
µν + h.c. (360)
where a sum over velocities is understood, Fµν is the electromagnetic tensor, the indices m and n
represent the radial quantum numbers, J(m) stands for the multiplet with radial number m and δ(m,n)
is a dimensional parameter (the inverse of a mass), to be fixed from experimental data and which also
depends on the heavy flavour. The lagrangian (360) conserves parity and charge conjugation and is
invariant under the spin transformation of eq. (356). It reproduces the electric dipole selection rules
∆ℓ = ±1 and ∆s = 0. It is straightforward to obtain the corresponding radiative widths:
Γ(3PJ → 3S1γ) = δ
2
3π
p3
MS1
MPJ
(361)
Γ(3S1 → 3PJγ) = (2J + 1)
9π
δ2p3
MS1
MPJ
(362)
Γ(1P1 → 1S0γ) = δ
2
3π
p3
MS
MP
(363)
where p is the photon momentum. Once the radial numbers n andm have been fixed, the lagrangian (360)
describes four no spin-flip transitions with a single parameter; this allows three independent predictions.
For the triplet states they are reported in table 12, where we give the ratio of the width for the state
with J = 1 to the state with J = 0 and that for the state with J = 2 to the state with J = 0, within a
given multiplet. The theoretical numbers refer to eqs. (361-363) and to the results obtained by Cho and
Wise [210].
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For the state hc(1P ) (
1P1 state) no data on radiative widths are available yet, but extracting the
value of δ from the data of the corresponding triplet states, we can predict the width of hc(1P ) → ηcγ.
This transition is an electric dipole (E1) transition, which is expected to be the dominant decay mode
of the hc(1P ) state (with a branching ratio of order 80% [211]). Using for the hc(1P ) mass the value
3526.2± 0.2GeV of E760 experiment [212], we obtain:
Γ(hc(1P )→ ηcγ) = 0.45± 0.02MeV (364)
We note that QCD-motivated potentials using first order relativistically corrected wave functions give
a prediction of the width Γ(hc(1P ) → ηcγ) of 0.39 MeV [213], while QCD predictions based on the
factorization formulas of [205] give 0.45 ± 0.05(±20%) MeV for the partial radiative width and 0.98 ±
0.09(±22%) MeV for the total decay rate of hc, to be compared with the experimental upper bound
on the total width of ΓT (hc(1P )) < 1.1 MeV at 90% C.L. [212]. A similar prediction for the χb(
1P1)
state can be easily extracted from eq. (363), once the mass of this state and the δ parameter of the
corresponding multiplet are known.
Table 12: Results for Γ1/Γ0 and Γ2/Γ0, where ΓJ stays for the radiative width of the process involving
3PJ . The number in parentheses have been obtained by Cho and Wise (see text)
Process Γ1/Γ0(th.) Γ1/Γ0(exp.) Γ2/Γ0(th.) Γ2/Γ0(exp.)
ψ(2S)→ χc(13PJ )γ 0.82(0.85) 0.94± 0.12 0.55(0.58) 0.84± 0.11
χc(1
3PJ )→ J/ψ(1S)γ 2.05(2.11) 2.61± 1.24 2.74(2.84) 2.93± 1.34
Υ(2S)→ χb(13PJ )γ 1.58(1.56) 1.56± 0.41 1.56(1.54) 1.53± 0.41
Υ(3S)→ χb(23PJ )γ 1.61(1.61) 2.09± 0.26 1.76(1.76) 2.11± 0.28
χb(1
3PJ)→ Υ(1S)γ 1.25 - 1.45 -
χb(2
3PJ)→ Υ(1S)γ 1.07 - 1.12 -
χb(2
3PJ)→ Υ(2S)γ 1.29 - 1.52 -
8.2 Hadronic transitions in heavy quarkonia
An important class of hadronic transitions between heavy-quarkonium states is provided by the decays
with emission of two pions, for example:
ψ′ → ψ ππ (365)
To describe these processes we use the chiral symmetry for the pions and the heavy-quark spin
symmetry for the heavy states. The first one is expected to hold when the pions have small energies. We
notice that the velocity superselection rule applies at q2 = q2max, when the energy transfer to the pion is
maximal. Therefore we expect these approximations to be valid in the whole energy range only if q2max
is small.
Nonetheless a number of interesting properties of these transitions can be derived on the basis of
the heavy quark symmetry alone. Therefore, before specializing the pion couplings by means of chiral
symmetry, we discuss the implications of the heavy quark spin symmetry in hadronic transitions.
As an example, we consider transitions of the type 3S1 → 3S1 + h and 1S0 → 1S0 + h, where h
can be light hadrons, photons, etc. By imposing the heavy quark spin symmetry, one is lead to describe
these processes by an interaction lagrangian:
LSS′ =< J ′J¯ > ΠSS′ + h.c. , (366)
where the dependence upon the pion field is contained in the yet unspecified operator ΠSS′ . It is imme-
diate to derive from LSS′ the averaged modulus square matrix elements for the transitions 3S1 →3 S1+h
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and 1S0 →1 S0 + h with an arbitrary fixed number of pions in the light final state h. We obtain:
|M(3S1 →3 S1 + h)|2av. = |M(1S0 →1 S0 + h)|2av.
= 4MSMS′ |ΠSS′,h|2 (367)
where MS and M
′
S are the average masses of the two S-wave multiplets; ΠSS′,h is the appropriate tensor
for the emission of the light particles h, to be calculated from the operator ΠSS′ . By denoting with dΓ
the generic differential decay rate, we have:
dΓ(3S1 →3 S1 + h) = dΓ(1S0 →1 S0 + h) . (368)
This is the prototype of a series of relations which can be derived for hadronic transitions as a
consequence of the spin independence of the interaction terms. In all the known cases they coincide with
those calculated in the context of a QCD double multipole expansion. We notice however that we do
not even need to specify the nature of the operator Π, which may depend on light fields different from
the pseudoscalar mesons (e.g. the photon, or a light hadron, etc), provided that the interaction term
we are building is invariant under parity, charge conjugation, and the other symmetries relevant to the
transition considered. Indeed the label h in eq. (367) stands for an arbitrary combination of light final
state particles. In this sense, this approach provides a generalization of the results obtained in the context
of the QCD multipole expansion.
By assuming a spin independent interaction, we can easily extend the previous considerations to other
transitions [202]. In general, as a consequence of the heavy quark spin symmetry, the allowed transitions
between two multiplets l and l′ will be related by a set of equations, independently of the nature of the
light final state h.
8.2.1 Chiral invariant hadronic transitions
A useful symmetry that can be used in processes involving light quarks is the chiral symmetry. It is
possible to build up an effective lagrangian which allows to study transitions among quarkonium states
with emissions of soft light pseudoscalars, considered as the Goldstone bosons of the spontaneously broken
chiral symmetry. The chiral symmetry is explicitly broken through light quark mass terms, which allow
for rarer processes that could be, in some circumstances, kinematically favored.
The relations (368) among the differential decay rates are direct consequences of the assumed domi-
nance of spin independent terms for the operators describing the corresponding transitions. More detailed
predictions can be obtained by specifying the form of the operators Π’s appearing in the expressions of
the interaction terms (366). We restrict here to hadronic transitions with emission of light pseudoscalar
mesons.
The light mesons are described as pseudo-Goldstone bosons, included in the matrix Σ = ξ2 (see
formulas (33), (34) and the discussion in the section 2.2). Frequently occurring quantities are the functions
of ξ and its derivatives Aµ and Vµ given in eqs. (38) and (36).
For the subsequent analyses we are interested in the transformations under parity and charge conju-
gation:
Σ
P→ Σ†
Aµ P→ −Aµ
Vµ P→ Vµ (369)
Σ
C→ ΣT
Aµ C→ ATµ
Vµ C→ −VTµ . (370)
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Finally we recall that light vector mesons can be introduced as gauge particles as discussed in section
2.4. Under parity and charge conjugation, one has:
ρµ
P→ ρµ
ρµ
C→ −ρTµ . (371)
By imposing the heavy quark spin symmetry, parity and charge conjugation invariance, and by as-
suming that the pseudoscalar meson coupling are described by the lowest order (at most two derivatives)
chiral invariant operators, we can establish the following selection rules for hadronic transitions:
even number of emitted pseudoscalars ↔ ∆l = 0, 2, 4, ...
odd number of emitted pseudoscalars ↔ ∆l = 1, 3, 5, ...
(372)
In fact the spin independent operator describing ∆l = 0, 2, 4, ... transitions has charge conjugation
C = +1 (see eq. (355)). On the other hand, the lowest order, chiral invariant terms with positive charge
conjugation are:
< AµAν >
< (Vµ − ρµ)(Vν − ρν) > (373)
whose expansion contains an even number of pseudoscalar mesons. Spin independence of the interaction,
on the other hand, requires that the ∆l = 1, 3, 5, ... transitions are described by C = −1 operators. At
the lowest order we can form just one chiral invariant term with C = −1:
< Aµ(Vν − ρν) > (374)
whose expansion contains an odd number (≥ 3)of pseudoscalar mesons.
This selection rule is violated at higher orders of the chiral expansion or by allowing for terms which
explicitly break the heavy quark or the chiral symmetries.
To further characterize the hadronic transitions respecting chiral symmetry, we consider below explicit
expressions for the most general operators Πll′ . For simplicity, we limit ourselves to those contributing
to two or three pion emissions:
ΠSS′ = ASS′ < AρAρ > +BSS′ < (v · A)2 >
ΠµPS = DPS ǫ
µνρσvν < Aρ(Vσ − ρσ) >
ΠµνPP ′ = APP ′ < AρAρ > gµν +BPP ′ < (v · A)2 > gµν + CPP ′ < AµAν >
ΠµνDS = CDS < AµAν > (375)
The constants All′ , Bll′ , Cll′ and Dll′ are arbitrary parameters of dimension (mass)
−1, to be fixed from
experiments. One can easily derive amplitudes, decay rates and distributions for the corresponding
hadronic transitions.
For instance, the amplitude for the decay (365) is given by:
M(3S1 →3 S1 + ππ) = 4i
√
MSMS′
f2π
ǫ′ · ǫ∗ (ASS′p1 · p2 +BSS′v · p1v · p2) (376)
where ǫ and ǫ′ are the polarization vectors of quarkonium states; p1, p2 are the momenta of the two pions.
It is well known that the use of chiral symmetry arguments [214] leads to a general amplitude for the
process in question which contains a third independent term given by:
CSS′
4i
√
MSMS′
f2π
(ǫ′ · p1ǫ∗ · p2 + ǫ′ · p2ǫ∗ · p1) . (377)
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By combining the soft pion technique with a QCD double multipole expansion, Yan [201] finds CSS′ = 0.
It is interesting to note that, within the present formalism, this result is an immediate consequence of
the chiral and heavy quark spin symmetries.
Experimentally the amplitude (376) describes well the observed pion spectra in the transitions ψ′ →
ψππ [215] and Υ(2s) → Υ(1s)ππ [216]. The spectrum for the transition Υ(3s) → Υ(1s)ππ seems to
exhibit an unusual double-peaked shape [217] and cannot be fitted using (376). We observe that in this
case, due to the large available phase space, probably the soft-pion approximation is however not reliable.
8.2.2 Chiral breaking hadronic transitions
In this section we discuss possible chiral breaking but spin conserving terms [202], which are important
for transitions forbidden in the SU(3)×SU(3) symmetry limit. Examples of such kind of transitions are
3PJ′ → 3PJπ0, 3PJη . (378)
The transitions
ψ′ → J/ψπ0, J/ψη (379)
require terms which violate also the spin symmetry and will be discussed in the next section.
We first discuss the masses and mixings of the octet and singlet η′ pseudoscalar light meson states.
The term which gives mass to the pseudoscalar octet, massless in the chiral limit, is
Lm = λ0 < mˆ(Σ + Σ†) > (380)
Here mˆ is the current mass matrix:
mˆ =

 mu 0 00 md 0
0 0 ms

 . (381)
The lagrangian (380) gives, in addition, a mixing π0 − η: the physical states π˜0, η˜ turn out to be:
π˜0 = π0 + ǫη
η˜ = η − ǫπ0 (382)
where the mixing angle ǫ is
ǫ =
(md −mu)
√
3
4(ms − mu +md
2
)
(383)
The η′, which is a chiral singlet, mixes with π0, η. Such a mixing can be described by the term
Lηη′ = ifπ
4
λ˜ < mˆ(Σ− Σ†) > η′ (384)
where λˆ is a parameter with dimension of a mass. At first order in the mixing angles the physical states
are:
π˜0 = π0 + ǫη + ǫ′η′
η˜ = η − ǫπ0 + θη′
η˜′ = η′ − θη − ǫ′π0 (385)
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where
ǫ′ =
λ˜(md −mu)√
2(m2η′ −m2π0)
θ =
√
2
3
λ˜
(
ms − mu +md
2
)
m2η′ −m2η
(386)
and ǫ as given in (383).
We consider chiral violating, spin-conserving hadronic transitions between charmonium states at first
order in the chiral breaking mass matrix. We therefore consider the quantities:
< mˆ(Σ + Σ†) >
< mˆ(Σ− Σ†) > (387)
The first one is even under parity, the second is odd, and both have C = +1.
The only term spin-conserving and of leading order in the current quark masses contributing to the
transition (378) is
< JµJ¯ν > vρǫ
µνρσ∂σ
[
α
ifπ
4
< mˆ(Σ− Σ†) > +βfπη′
]
(388)
where α and β are coupling constants of dimensions (mass)−2. The direct coupling to η′ contributes
through the mixing (385). The spin symmetry of the heavy sector gives relations among the modulus
square matrix elements of the transitions between the two p-wave states. In particular we find that
|M|2(3P0 →3 P0π) = |M|2(3P2 →3 P0π) = 0 (389)
and that all non-vanishing matrix elements can be expressed in terms of 3P0 →3 P1π:
|M|2(3P1 →3 P1π) = 1
4
|M|2(3P0 →3 P1π)
|M|2(3P1 →3 P2π) = 5
12
|M|2(3P0 →3 P1π)
|M|2(3P2 →3 P2π) = 3
4
|M|2(3P0 →3 P1π)
|M|2(1P1 →1 P1π) = |M|2(3P0 →3 P1π) (390)
where π stays for π0 or η. The relations (390) can be generalized for any spin conserving transition between
l = 1 multiplets, leading to the same results of a QCD double multipole expansion [201]. Predictions for
widths can be easily obtained from (388).
8.2.3 Spin breaking hadronic transitions
We study here transitions which violate spin symmetry [202]. For heavy mesons there are only two types
of operators that can break spin symmetry. The reason is that on the quark (antiquark) indices of the
quarkonium wave function act projection operators (1 + v/)/2 and (1 − v/)/2 which reduce the original
4 × 4-dimensional space to a 2 × 2-dimensional one. Obviously, in the rest frame, the most general spin
symmetry breaking term is of the form ~a · ~σ, where ~σ are the Pauli matrices. In an arbitrary frame one
observes that any Γ-matrix sandwiched between two projectors (1+v/)/2, or (1−v/)/2, can be reexpressed
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in terms of σµν sandwiched between the same projectors:
1 + v/
2
1
1 + v/
2
=
1 + v/
2
(391)
1 + v/
2
γ5
1 + v/
2
= 0 (392)
1 + v/
2
γµ
1 + v/
2
= vµ
1 + v/
2
(393)
1 + v/
2
γµγ5
1 + v/
2
=
1
2
ǫµναβv
ν 1 + v/
2
σαβ
1 + v/
2
(394)
1 + v/
2
γ5σµν
1 + v/
2
= − i
2
ǫµναβ
1 + v/
2
σαβ
1 + v/
2
(395)
and analogous relations with (1 + v/)/2→ (1 − v/)/2. We use here ǫ0123 = +1. Let us define
σ(±)µν =
1± v/
2
σµν
1± v/
2
. (396)
In the rest frame, σ
(±)
µν reduce to Pauli matrices. From the previous identities it follows that the most
general spin symmetry breaking terms in the quarkonium space are of the form Gµν1 σ
(+)
µν , or G
µν
2 σ
(−)
µν ,
with Gµνi two arbitrary antisymmetric tensors. One expects that any insertion of the operator σ
(±)
µν gives
a suppression factor 1/mQ.
A relevant example of spin breaking is the splittings of the levels in a multiplet; one can easily write
down the spin-spin, spin-orbit and tensor terms [202].
We apply as an example the formalism to the transitions ψ′ → J/ψπ0 and ψ′ → J/ψη. Of particular
interest is the ratio
R =
Γ(ψ′ → J/ψπ0)
Γ(ψ′ → J/ψη) (397)
which provides for a measure of the light-quark mass ratio
r =
md −mu
ms − mu +md
2
. (398)
Using partial conservation of axial-vector current, Ioffe and Shifman [218] give the prediction
R =
27
16
[
~pπ
~pη
]3
r2 (399)
The calculation of R is straightforward with the heavy quark formalism. Eq. (399) will be recovered
when neglecting the mixings π0 − η and η − η′ (or a possible direct coupling of η′).
The most general spin breaking lagrangian for the processes ψ′ → J/ψπ0, η is
L = iǫµνρλ
[
< J ′σµν J¯ > − < J¯σµνJ ′ >] vρ ×
∂λ
[
iA
4
< mˆ(Σ− Σ†) > +Bη′
]
+ h.c. (400)
The couplings A and B have dimension (mass)−1; the B term contributes to the ratio (397) via the
mixing π0 − η′ and η − η′, in the same way as the β coupling in (388). There are no terms with the
insertion of two σ; the two P and C conserving candidates
ǫµνρλ
[
< J ′σµτ J¯σ ντ > + < J¯σ
µτJ ′σ ντ >
]
vρ∂λ < mˆ(Σ− Σ†) >;
ǫµνρλ
[
< J ′σµν J¯σρλ > + < J¯σµνJ ′σρλ >
]
< mˆ(Σ− Σ†) > (401)
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are both vanishing. Using the lagrangian (400) and taking into account the mixings (385) we can calculate
the ratio (397)
R =
27
16
[
~pπ
~pη
]3 [
md −mu
ms − 1/2(mu +md)
]2


1 +
2B
3A
λˆfπ
m2η′ −m2π0
1 +
B
A
λˆfπ
m2η′ −m2η


2
. (402)
If we neglect the mixings π0 − η′ and η − η′ (λˆ = 0) or the direct coupling of η′ (B=0) (402) reduces to
(399).
Eq. (402) can receive corrections from electromagnetic contributions to the transition ψ′ → J/ψπ0. It
has been shown that such corrections are suppressed [219, 220]. A second type of corrections is associated
with higher order terms in the light-quark mass expansion (the lagrangian (400) is the first order of such
an expansion); a discussion can be found in ref. [221].
9 Appendix A
We list here the Feynman rules for the vertices appearing in the heavy meson chiral lagrangian and used
in the text. Dashed lines refer to light mesons, solid lines to heavy mesons of fixed masses (MP or M+)
and JP . The heavy meson propagators, for a state with velocity v and residual momentum k, are
i
2(v · k + 34∆)
JP = 0− (403)
and
− i(g
µν − vµvν)
2(v · k − 14∆)
JP = 1− (404)
where ∆ = MP∗ −MP . For the 0+ and 1+ states one has similar formulas with the appropriate mass
difference ∆.
0
_
pi
1
_
g
q
2MP
fπ
g (ǫ(1−) · q)
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1
_
1 µ
_
g
q
pi
ν
− 2MP
fπ
g ǫµναβ ǫ
µ(1−)ǫ∗ν(1−)qαvβ
0 -
h
0+
q
 pi
2
√
MPM+
fπ
h (v · q)
1+ 1
h
-
q
pi
µ ν
− 2
√
MPM+
fπ
h (v · q)(ǫ(1+) · ǫ∗(1−))
1 -0
λ
_
q
ν
ρ
4gVMP√
2
λ ǫαβµν ǫ
α(ρ)ǫβ(1−)vµqν
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0
_
q
ζ
ν
ρ
1 +
µ
− i
√
2gV
√
MPM+ǫ
α(ρ)ǫ∗β(1+) [ζgαβ + 2 µ(v · q gαβ − vαqβ)]
0
_
0
_
q
ρ
β
− i
√
2gVMP β(v · ǫ(ρ))
10 Appendix B
In this appendix we list some integrals that are encountered in computing loop corrections in the effective
chiral theory for heavy mesons [35, 68, 91, 100]. In the sequel we put ∆¯ = 2/ǫ− γ + ln(4π) + 1.
i
∫
d4−ǫq
(2π)4−ǫ
1
q · v −∆ = 0 (405)
i
∫
d4−ǫq
(2π)4−ǫ
1
q2 −m2 =
1
16π2
I1(m) (406)
i
∫
d4−ǫq
(2π)4−ǫ
1
(q2 −m2)(q · v −∆) =
1
16π2
1
∆
I2(m,∆) (407)
Jµν(m,∆) = i
∫
d4−ǫq
(2π)4−ǫ
qµqν
(q2 −m2)(q · v −∆) =
=
1
16π2
∆[J1(m,∆)g
µν + J2(m,∆)v
µvν ] (408)
where
I1(m) = m
2ln
m2
µ2
−m2∆¯
I2(m,∆) = −2∆2lnm
2
µ2
− 4∆2F (m
∆
) + 2∆2(1 + ∆¯) (409)
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and
F (x) =
√
1− x2 tanh−1
√
1− x2 |x| ≤ 1
= −
√
x2 − 1 tan−1
√
x2 − 1 |x| ≥ 1 (410)
J1(m,∆) = (−m2 + 2
3
∆2)ln
m2
µ2
+
4
3
(∆2 −m2)F (m
∆
)
− 2
3
∆2(1 + ∆¯) +
1
3
m2(2 + 3∆¯)
J2(m,∆) = (2m
2 − 8
3
∆2)ln
m2
µ2
− 4
3
(4∆2 −m2)F (m
∆
)
+
8
3
∆2(1 + ∆¯)− 2
3
m2(1 + 3∆¯) . (411)
Moreover, if we put:∫
d4−ǫq
(2π)4−ǫ
qαqβ
(q2 −m2)(v · q −∆)(v · q −∆′) =
i
16π2
(C1(∆,∆
′,m)gαβ + C2(∆,∆
′,m)vαvβ) , (412)
then it follows that
C1(∆,∆
′,m) =
1
∆−∆′ [∆J1(m,∆)−∆
′J1(m,∆
′)] (413)
C2(∆,∆
′,m) =
1
∆−∆′ [∆J2(m,∆)−∆
′J2(m,∆
′)] . (414)
It can be useful to write down explicitly
C(∆,∆′,m) = C1(∆,∆
′,m) + C2(∆,∆
′,m) , (415)
which is given by
C(∆,∆′,m) =
2m3
9(∆−∆′)
[
H(
∆
m
,m)−H(∆
′
m
,m)
]
(416)
with
H(x,m) = −9x3(1 + ∆¯) + 9
2
x∆¯ + (9x3 − 9
2
x) log(
m2
µ2
) +
+ 18x3F (
1
x
) . (417)
For ∆ = ∆′ the previous formulas reduce to
C1(∆,∆,m) = J1(m,∆) +∆
∂J1(m,∆)
∂∆
(418)
C(∆,∆,m) =
2m2
9
H ′(
∆
m
,m) (419)
where H ′(x,m) = dH(x,m)dx .
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11 Appendix C
In the l 6= 0 case, the multiplet J for quarkonium is generalized to Jµ1...µl , with a decomposition
Jµ1...µl =
(1 + v/)
2
[
Hµ1...µlαl+1 γα +
1√
l(l + 1)
l∑
i=1
ǫµiαβγvαγβH
µ1...µi−1µi+1...µl
lγ
+
1
l
√
2l − 1
2l + 1
l∑
i=1
(γµi − vµi)Hµ1...µi−1µi+1...µll−1
− 2
l
√
(2l − 1)(2l+ 1)
∑
i<j
(gµiµj − vµivµj )γαHαµ1...µi−1µi+1...µj−1µj+1...µll−1
+ Kµ1...µll γ5
]
(1− v/)
2
. (420)
In the above equation, Kµ1...µll represents the spin singlet
1lJ . Since J = l, K
µ1...µl
l is a completely
symmetric, traceless tensor, satisfying the transversality condition:
vµ1K
µ1...µl
l = 0 . (421)
The spin triplet 3lJ is represented by H
µ1...µl+1
l+1 for J = l + 1, H
µ1...µl
l for J = l and H
µ1...µl−1
l−1 for
J = l − 1. These three tensors are completely symmetric, traceless and satisfy transversality conditions
analogous to eq. (421). Moreover, in order to avoid orbital momenta other than l, we require that Jµ1...µl
itself is completely symmetric, traceless and orthogonal to the velocity:
vµ1J
µ1...µl = 0 . (422)
This allows to identify the states in (420) with the physical states. The normalisation for Jµ1...µl has
been chosen so that:
< Jµ1...µl J¯µ1...µl >= 2
(
H
µ1...µl+1
l+1 H
†l+1
µ1...µl+1
−Hµ1...µll H†lµ1...µl
+ H
µ1...µl−1
l−1 H
†l−1
µ1...µl−1 −Kµ1...µll K†lµ1...µl
)
(423)
where J¯ = γ0J†γ0 and < . . . > means the trace over the Dirac matrices.
For example the expression for the P -wave multiplet Jµ that can be obtained from eq. (420) is:
Jµ =
1 + v/
2
[
Hµα2 γα +
1√
2
ǫµαβγvαγβH1γ
+
1√
3
(γµ − vµ)H0 +Kµ1 γ5
]
(1− v/)
2
. (424)
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